A HISTORY 


JAPANESE MATHEMATICS 


DAVID EUGEXE SMITH 

AND 


YOSHIO 


loK 


CHICAGO 

THE OPEN COURT PUBLISHING COMPANY 
1914 



Printed by \V. Drugulin, Leipzig 


PREFACE 


Although for nearly a century the greatest mathematical 
classics of India have been known to western scholars, and 
several of the more important works of the Arabs for even 
longer, the mathematics of China and Japan has been closed 
to all European and American students until very recently. 
Even now we have not a singde translation of a Chinese 
treatise upon the subject, and it is only within the last dozen 
years that the contributions of the native Japanese school 
have become known in the West even by name. At the 
second International Congress of Mathematicians, held at Paris 
in 1900, Professor Fujisawa of the Imperial University of Tokio 
gave a brief address upon Mathematics of the old Japanese 
School, and this may be taken as the first contribution to the 
history of mathematics made by a native of that country in 
a European language. The next effort of this kind showed 
itself in occasional articles by Baron Kikuchi, as in the Nieuw 
Archief voor Wiskunde, some of which were based upon his 
contributions in Japanese to one of the scientific journals of 
Tokio. But the only serious attempt made up to the present 
time to present a well-ordered history of the subject in a 
European language is to be found in the very commendable 
papers by T. Hayashi, of the Imperial University at Sendai. 
The most important of these have appeared in- the Nieitzv 
Archief voor Wiskiinde^ and to them the authors are much 
indebted. 

Having made an extensive collection of mathematical manu- 
scripts, early printed works, and early instruments, and having 



brou^lii tugether most of the European literature upon tl 
sub'ect and embodied it in a series of lectures for my clasS' 
in the history of mathematics, I welcomed the suggestion 
Dr. Cams that I ioin with Mr. hiikaiiii in the preparation 
the present work. Mr, Mikami has already made for hims( 
an enviable reputation as an authority upon the wasan < 
n'ltive Tapan-jse mathematics, and his contributions to tl 
Bibliotncca Matlicmatica have attracted the attention of weste: 
scholars. He has also published, as a volume of the Ab/iaHi 
Geschichte der Mathcmatik, a work entitled Math 
}}iaii:al Patirs fnan the Far East, hloreover his labors wi 
liie learned T. Endo, the greatest of the historians of Japane 
mathematics, and his consequent familiariU' with the classi 
of his country, eminently ht him for a work of this nature. 

Our labors have been divided in the manner that the o 
cunistances would suggest. For the European literature, tl 
general planning of the work, and the final writing of the tej 
the respoiisibilit}' has naturally fallen to a considerable exte 
upon me. For the furnishing of the Japanese material, tl 
initial translations, the scholarly search through the excelle 
library of the Academy of Sciences of Tokio, where Mr. Enc 
is librarian, and the further examination of the large amount 
native secondary material, the responsibility has been Mr. h 
kamfs. To his scholarship and indefatigable labors I am i 
debted for more material than could be used in this woj 
and whatever praise our efforts may merit should be award' 
in large measure to him. 

The aim in writing this work has been to give a br 
survey of the leading features in the development of the wasc 
It has not seemed best to enter very fully into the details 
demonstration or into the methods of solution employed 1 
the great writers whose works are described. This would n 
be done in a general history of European mathematics, w. 
there is no reason wEy it should be done here, save in cas 
where some peculiar feature is under discussion. Undoubted 
several names of importance have been omitted, and at lei 
a score of names that might properly have had mention ha 
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bcc-n the subject of correspondence between the authors for 
the oast veer. But on the whole it may be said that most 
of thrse writers in whose works European scholars are likely 
:o have iiiiich interest have been mentioned. 

It is the hope of the authors that this brief history may 
Serve to show to the West tlie nature of the mathematics 
that was indigenous to Japan, and to strengthen the bonds 
that unite the scholars of the world through an increase in 
knowledge of and respect for the scientihe attainments of a 
people whose progress in the past four centuries has been 
one of the marvels of history. 

It is only just to mention at this time the generous assistance 
rendered by Mr. Leslie Leland Locke, one of my graduate 
students in the history of mathematics, who made in my 
librar}’ the photographs fjr all of the illustrations used in this 
work. His intelligent and painstaking ertorts to carr}’ out the 
wislies of the autliors have resulted in a series of illustrations 
that not merely elucidate the text, but give a visual idea of 
the genius of the Japanese mathematics that words alone 
cannot give. To him I take pleasure in ascribing the credit 
for this arduous labor, and in expressing the thanks of the 
authors. 

Teachers College, 

Columbia University, David Eugene Smith. 

New York City, 

‘December i, 1913. 
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VOCABULARY FOR REFERENCE 

The following brief vocabulary will be convenient for reference in co 
sidering some of the Japanese titles: 

/w, method or theory. Synonym of jidsu. It is found in expressions li 
sJma ho (method of differences). 
hyd, table. 

/.v/AV, method or theory. Synonym of hd^ It is found in words li 
kaku jnhu (polygonal theory) and falsnjulsu (method of expanding 
root of a literal equation). 

Jdi a treatise. 

rokUy a treatise. Synonym of kl. 

sampo, mathematical treatise, or mathematical lules. 

sangi, rods used in computing, and as numerical coefficients in cquatioi 

sorohau^ the Japanese abacus. 

tengen, celestial element. The Japanese name for the Chinese algebra. 
tefzzan, the algebra of the Seki school. 

ivasajiy the native Japanese mathematics as distinguished from the yosa 
the European mathematics. 

yezirif circle principle. A term applied to the native calculus of Japan. 

In Japanese proper names the surname is placed first in accordance wi 
the native custom, excepting in the cases of persons now living and wl 
follow the European custom of placing the surname last. 


CHAPTER 1. 


The Earliest Period. 

The history of Japanese mathematics, from the most remote 
times to the present, may be divided into six fairly distinct 
periods. Of these the first extended from the earliest ages to 
552 ^ a period that was influenced only indirectly if at all by 
Chinese mathematics. The second period of approximately a 
thousand years (552 — 1600) was characterized by the influx 
of Chinese learning, first through Korea and then direct from 
China itself, by some resulting native development, and by a 
season of stagnation comparable to the Dark Ages of Europe. 
The third period was less than a century in duration, extend- 
ing from about 1600 to the beginning of Seki’s influence (about 
1675). This may be called the Renaissance period of Japanese 
mathematics, since it saw a new and vigorous importation of 
Chinese science, the revival of native interest through the efforts 
3f the immediate predecessors of Seki, and some slight intro- 
duction of European learning through the early Dutch traders 
and through the Jesuits. The fourth period, also about a century 
in length (1675 to 177S) may be compared to the synchro- 
nous period in Europe. Just as the initiative of Descartes, 
Newton, and Leibnitz prepared the way for the labors of the 
Bernoullis, Euler, Laplace, D’Alembert, and their contemporaries 
Df the eighteenth century, so the work of the great Japanese 
teacher, Seki, and of his pupil Takebe, made possible a note- 
worthy development of the zvasan '^ of Japan during the same 

1 All dates are expressed according to the Christian calendar and are to 
3e taken as after Christ unless the contrary is stated. 

2 The native mathematics, from Wa (Japan) and san (mathematics). The 
w^ord is modern, having been employed to distinguish the native theory from 
Lhe western mathematics, the ydsan. 
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through Korea, were first introduced into Japan. Japanese 
nobles now began to learn to read and write, a task of enor- 
mous difficulty in the Chinese system. But the records them- 
selves have long since perished, and if they contained any 
knowledge of mathematics, or if any mathematics from China 
at that time reached the shores of Japan, all knowledge of 
this fact has probably gone forever. Nevertheless there is 
always preserved in the language of a people a great amount 
of historical material, and from this and from folklore and tra- 
dition we can usually derive some little knowledge of the early 
life' and customs and number-science of any nation. 

So it is with Japan. There seems to have been a number 
mysticism there as in all other countries. There was the 
usual reaching out after the unknown in the study of the stars, 
of the elements, and of the essence of life and the meaning 
of death. The general expression of wonder that comes from 
the study of number, of forms, and of the arrangements of 
words and objects, is indicated in the language and the tradi- 
tions of Japan as in the language and traditions of all other 
peoples. Thus we know that the Jmdai inonji, “letters of the 
era of the gods”, ^ go back to remote times, and this suggests 
an early cabala, very likely with its usual accompaniment of 
number values to the letters j but of positive evidence of this 
fact we have none, and we are forced to rely at present only 
upon conjecture.^ 

Practically only one definite piece of information has come 


1 Nothing definite is known as to these letters. They may have been 
different alphabetic forms. Monji (or mofi) means letters, Jht is god, and 
dai is the age or era. The expression may also be rendered “letters of the 
age of heros”, using the term hero to mean a mythological semi-divinity, 
as it is used in early Greek lore. 

2 There is here, howewer, an excellent field for some Japanese scholar 
to search the native folklore for new material. Our present knowledge of 
the Jindai comes chiefly from a chapter in the Nihon-gi (Records of Japan) 

yindai no Maid (Records of the Gods’ Age), written by Prince Toneri 
Shinno in 720. This is probably based upon early legends handed down by 
the Kaiaribe^ a class of men who in ancient times transmitted the legends 
orally, somewhat like the old English bards. 
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century. The fifth period, which might indeed be joined wit 
the fourth, but which differs from it much as the nineteen! 
centur}^ of European mathematics differs from the eighteent 
extended from 177S to 1868, the date of the opening of Japa 
to the Western World. This is the period of the culminatic 
of native Japanese mathematics, as influenced more or less b 
the European learning that managed to find some entranc 
through the Dutch trading station at Nagasaki and throng 
the first Christian missionaries. The sixth and final perio 
begins with the opening of Japan to intercourse with oth< 
countries and extends to the present time, a period of marveloi 
change in government, in ideals, in art, in industry, in edi 
cation, in mathematics and the sciences generally, and in a 
that makes a nation great. With these stupendous change 
of the present, that have led Japan to assume her place amon 
the powers of the world, there has necessarily come both I05 
and gain. Just as the world regrets the apparent submergin 
of the exquisite native art of Japan in the rising tide of con 
mercialism, so the student of the history of mathematics mu: 
view with sorrow the necessary decay of the wasan and tl 
reduction or the elevation of this noble science to the gener: 
cosmopolitan level. The mathematics of the present in Japa 
is a broader science than that of the past; but it is no Iong< 
Japanese mathematics, — it is the mathematics of the world. 

It is now proposed to speak of the first period, extendin 
from the most remote times to 552. From the nature of tl: 
case, however, little exact information can be expected of th 
period It is like seeking for the early history of Englan 
from native sources, excluding all information transmitte 
through Roman writers. Egypt developed a literature i 
very remote times, and recorded it upon her monument 
and upon papyrus rolls, and Babylon wrote her records upo 
both stone and clay; but Japan had no early literature, and 
she possessed any ancient written records they have long sine 
perished. 

It was not until the fifteenth year of the Emperor Ojin (284 
so the story goes, that Chinese ideograms, making their wa 


The interesting features of the ancient system are the deci- 
mal system and the use of the word yorozit, which now means 
loooo. This, however, may be a meaning that came with the 
influx of Chinese learning, and we are not at all certain that 
n ancient Japanese it stood for the Greek myriad.^ The use 
3f yorozu for lOOOO was adopted in later times when the 
number names came to be based upon Chinese roots, and it 
may possibly have preceded the entry of Chinese learning in 
historic times. Thus los was not “hundred thousand^’ in this 
later period, but “ten myriads’', ^ and our million 4 is a hundred 
myriads. 5 Now this system of numeration by myriads is one 
of the frequently observed evidences of early intercourse between 
the scholars of the East and the West. Trades people and 
the populace at large did not need such large numbers, but 
to the scholar they were significant. When, therefore, we find 
the myriad as the base of the Greek system,^ and find it 
more or less in use in India, 7 and know that it still persists 
in China, ^ and see it systematically used in the ancient Japa- 
nese system as well as in the modern number names, we are 


with that of the “counting out” rhymes of Europe and America. It should 
be added that the modern forms given above are from Chinese roots. 

1 Mupioi, loooo. 

2 Which would, if so considered, appear as momo chi, or in modern Japa- 
nese as hyaku sen. 

3 So yorozu, a softened form of to yorozic. In modern Japanese, jiu ma?t, 
man being the myriad- 

4 Mille -f- on, “big thousand”, just as saloon is salle -j- on, a big hall, and 
gallon is gill -f on, a big gill. 

5 Momo yorozu, or, in modern Japanese, hyaku man. 

^ See, for example, Gow, J., Uislory of Greek Mathemalics, Cambridge 1 884, 
and similar works. 

7 See COLEBROOKE, H. T., Alycbra, with Arithmetic and Mensuration, from 
ihe Sanscrit of Brahmegupta and Bhascara. London 1817, p. 4; Taylor, J., 
Lilawaii. Bombay 1816, p. 5. 

8 Williams, S. W., 'Bhe Middle Kmgdom. New York 1882; edition of 1895, 
v^ol. I, p. 619. Thus Wan sid is a myriad of years, and Wan sui Yeh means 
the Lord of a Myriad Years, i. e., the Emperor. The swastika is used by 
[he Buddhists in China as a symbol for myriad. This use of the myriad in 
China is very ancient. 
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down to us concerning the very early mathematics of Japar 
and this relates to the number system. Tradition tells us tha 
in the reign of Izanagi-no-Mikoto, the ancestor of the Mikado- 
long before the unbroken dynasty was founded by Jimm 
(660 B. C.), a system of numeration was known that extende 
to very high powers of ten, and that embodied essentially th 
exponential law used by Archimedes in his Sa?id Recko 7 ier^ the 

In this system the number names were not those of the presen 
but the system may have been the same, although modex 
Japanese anthropologists have serious doubts upon this matte 
The following table" has been given as representing the anciei 
system, and it is inserted as a possibility, but the whole matt< 
is in need of further investigation: 


AncicTit 

Moderii 

Ancient 

Modern 

I hito 

ichi 

100 momo 

hyaku 

2 futa 

ni 

1000 chi 

sen 

3 Bii 

san 

1 0000 yorozu 

man 

4 yo 

shi 

100000 so yorozu 

jiu man 

5 itsu 

go 

1000000 momo yorozu 

hyaku nic 

6 mu 

roku 

10000000 chi yorozu 

sen man 

7 nana 

shichi 

100000000 yorozu yorozu 

oku 

8 ya 

hachi 

1000000000 so yorozu yorozu 

jiu oku 

9 koko 

ku 



10 to 

jiu 

- 



1 'Kaj.ijUiTTiC/ haye 7 ia mmiero^ as it appears in Basel edition of 1544 * 

2 Endo, T., Dai Niho 7 i Sugaku Shi {Hisi 07 y of fapaiteso 77 iatJit’matlcsj 
Japanese. Tokio 1896, Book I, pp. 3—5; hereafter referred to as End 
See also Knott, C. G., The Abacus m its historic mid scientific aspects, in i 
Tratisactions of the Asiatic Society of fafaji, Yokohama 1 886, vol. XIV, p. ^ 
hereafter referred to as Knott, Another interesting form of counting is s 
in use in Japan, and is more closely connected with the ancient one tl 
is the common form above given. It is as follows: (i) hitotsii, (2) futat 
(3) mittsu, (4) yottsu, (5) itsutsu, (6) muttsu, (7) nanatsu, (8) yattsu, (pi kol 
notsu, (10) to. Still another form at present in use, and also related to 1 
ancient one, is as follows: (l) hi, (2) fu, (3) mi, (4) yo, (5) itsu, (6) i 
(7) nana, (8) ya, (9) kono, (lo) to. Each of these forms is used only 
counting, not in naming numbers, and their persistence may be compai 


CHAPTER II 
The Second Period. 

The second period in the history of Japanese mathematics 
552 — 1600) corresponds both in time and in nature with the 
Dark Ages of Europe. Just as the Northern European lands 
:ame in contact with the South, and imbibed some slight 
Iraught of classical learning, and then lapsed into a state of 
ndifference except for the influence of an occasional great soul 
ike that of Charlemagne or of certain noble minds in the 
i^hurch, so Japan, subject to the same Zeitgeist^ drank lightly 
it the Chinese fountain and then lapsed again into semi- 
barbarism. Europe had her Gerbert, and Leonardo of Pisa, 
ind Sacrobosco, but they seem like isolated beacons in the 
iarkness of the Middle Ages; and in the same way Japan, as 
ve shall see, had a few scholars who tended the lamp of 
earning in the medieval night, and who are known for their 
idelity rather than for their genius. 

Just as in the West we take the fall of Rome (476) and the 
all of Constantinople (1453), l^wo momentous events, as con- 
venient limits for the Dark Ages, so in Japan we may take 
he introduction of Buddhism (552) and the revival of learning 
about 1600) as similar limits, at least in our study of the 
nathematics of the country. 

It was in round numbers a thousand years after the death 
>f Buddha^ that his religion found its way into Japan. The 

1 The Shinshiu or “True Sect” of Buddhists place his death as early as 
149 B. C., but the Singalese Buddhists place it at 543 B. C. Rhys Davids, 
/ho has done so much to make Buddhism known to English readers, gives 
.12 B. C., and Max Muller makes it 477 B. C, See also Sumner, J., Buddhism 
'.nd traditions co 7 ic€ 7 ‘nmg its i 7 ttrodiictio 7 t i7ito yapafi, 'Transactions of the Asiatic 
'Society of fapan, Yokohama 1886, vol. XIV, p. 73. He gives the death of 
kiddha as 544 B. C. 

2 It was introduced into China in 64 A. D., and into Korea in 372. 
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convinced that there must have been a considerable intercoun 
of scholars at an early date. ^ 

Of the rest of Japanese mathematics in this early period v 
are wholly ignorant, save that we know a little of the ancie] 
system of measures and that a calendar existed. How tl 
merchants computed, whether the almost universal finger compi 
tation of ancient peoples had found its way so far to the Eaj 
what was known in the way of mensuration, how much of 
crude primitive observation of the movements of the stars w: 
carried on, what part was played by the priest in the one 
tation of shrines and temples, what was the mystic significam 
of certain numbers, what, if anything, was done in the recor 
ing of numbers by knotted cords, or in representing them t 
symbols, — all these things are looked for in the study of ar 
primitive mathematics, but they are looked for in vain in tl 
evidences thus far at hand with respect to the earliest peri< 
of Japanese history. It is to be hoped that the spirit of i 
vestigation that is now so manifest in Japan will result 
throwing more light upon this interesting period in whi' 
mathematics took its first root upon Japanese soil. 


1 There is considerable literature upon this subject, and it deserves e\ 
more attention. See, for example, the following: Klingsmill, T. W., j 
I ntercourse of China luith Easte 7 -fi Turkestan . . . in the second ceniziry B. C., 
the Joiirnal of the Royal Asiatic Society, N. S., London 1S82, vol. XIV, p. 
A Japanese scholar, T. Kimura, is just at present maintaining that his peo 
have a common ancestry with the races of the Greco-Roman civilizati 
basing his belief upon a comparison of the mythology and the language 
the two civilizations. wSee also P. VON Bohlen, Das alle Indien init besondt 
Rucksichi anf ^^^ypten. Konigsberg 1830; Reinaud, Relations politiqiies et cl 
merciales de V Empire Romain avec VAsie orientale. Paris 1863; P. A. DI S 
Filipo, Delle Relazio 7 ii antiche et moderne fra V Italia e r India. Rome 1 8 
Smith and Karpinski, The Ilmdn- Arabic Numerals. Boston 19 1 1, with ext 
sive bibliography on this point. 


become very marked. Fortunately, just about this time, the 
Emperor Tenchi (Tenji) began his short but noteworthy reign 
668 — 671).^ While yet crown prince this liberal-minded man 
nvented a water clock, and divided the day into a hundred 
lours, and upon ascending the throne he 
diowed his further interest by founding a 
jchool to which two doctors of arithmetic 
md twenty students of the subject were 
ippointed. An observatory was also 
established, and from this time mathema- 
;ics had recognized standing in Japan. 

The official records show that a uni- 
/ersity system was established by the 
Emperor Monbu in 701, and that mathe- 
iiatical studies were recognized and were 
'egulated in the higher institutions of 
earning. Nine Chinese works were speci- 
ied, as follows: — (l) Choii-pei{SjLa)i-chi}ig), 

2) Siai-tsu {Snail- chi jLg), (3) Lin- change 
4) San-JHai Chung- ch^a^ (5) JJu-fsao 
Snail- shn), (6) Hai-tao (Snan-shn), 

7) Chiu-szn, (8) Chin- chang, (9) Chni- 
hiiC- Of these works, apparently the most 
amous of their time, the third, fourth, 
md seventh are lost. The others are 
)robably known, and although they are 

lot of native Japanese production they so Taishi, with a 

^ -I i- r soroban. From a bronze . 

u'eatly influenced the mathematics 01 .... 

> J ^ ^ statuette. 

apan as to deserve some description at 

his time. We shall therefore consider them in the order 
ibove given. 

I. Chon-pci Snan-ching, This is one of the oldest of the 
^ihinese works on mathematics, and is commonly known in 

1 Murray, D., The Story of Japan. N. Y. 1894, p. 398, from the official 
ecords. 

2 Endo, Book I, pp. 12 — 13. 
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date usually assigned to this introduction is 552, when an inia^ 
of Buddha was set up in the court of the Mikado; but evidence 
has been found which leads to the belief that in the sixteeni 
year of Keitai Tenno (an emperor who reigned in Japan fro: 
507 to 531), that is in the year 522, a certain man name 
Szu-ma Ta^" came from Nan- Liangs in China, and set up 
shrine in the province of Yamato, and in it placed an iina| 
of Buddha, and began to expound his religion. Be this as 
may, Buddhism secured a foothold in Japan not far from tl 
traditional date of 552, and two years later^ Wang Pao-sa 
a master of the calendar, s and Wang Pao-liang, doctor < 
chronology,^ an astrologer, crossed over from Korea and mac 
known the Chinese chronological system. A little later 
Korean priest named Kanroku^ crossed from his native counti 
and presented to the Empress Suiko a set of books upc 
astrology and the calendar.^ In the twelfth year of her reig 
(604) almanacs were first used in Japan, and at this peric 
Prince Shotoku Taishi proved himself such a fosterer ' 
Buddhism and of learning that his memory is still held in hig 
esteem. Indeed, so great was the fame of Shotoku Tais' 
that tradition makes him the father of Japanese arithmet 
and even the inventor of the abacus. ^ (Fig- i-) 

A little later the Chinese system of measures was adopte* 
and in general the influence of China seems at once to hav 


See SuMNEB., loc. cit., p. 78. 

2 In Japanese, Shiba Tatsu. 

3 1 . e., South Liang, Liang being one of the southern monarchies. 

4 I. e., in 554, or possibly 553. 

5 In Europe he would have had charge of the Compotus, the science < 
the Church calendar, in a Western monastery. 

6 Also called a Doctor of Yih. The doctrine of Yih (changes) is set fort 
in the Yih King (Book of Changes), one of the ancient Five Classics of tb 
Chinese. There is a very extensive literature upon this subject. 

7 Or Ch’iian-lo. 

8 Sumner, loc. cit., p, 80, gives the date as 593. Endb, who is the leaclin 
Japanese authority, gives it as 602. 

9 That this is without foundation will appear in Chapter III, The sorohd 
which he holds in the illustration here given is an anachronism. 


Liu Hui* who wrote a treatise entitled cJi'd, l3ut this 

seems to be No. 4 in the list. 

4. Scvi-k'al Chim^:;-cJCa, This is also unknown, hut is per- 
haps Liu I lui’s C7iidii^-c/i'a -krai- chi - s/m/i (The 

whole system of measuring' by the ol^.servation of st:veral 

beacons), published in 263. The aulhor also wrote a com- 
mentary on the (No. S in this list). It relates 

to the mensuration of heights and distances, and gives onU' 
the rules without any exi>lanation. Al.)out 1250 N^auf *; ! hva\' 
published a work entitled Situii^'-kla!- Krw-i7{anii'-S:cut/^ (iCx- 
planation of the arithmetic of the Nine Sections), but tliisis too latt‘ 
for our |)urposes. lit" also wrote a work with a similar title N/h/o;'- 
kiai--yt'h--yiing'-S7vad-Jd (ICxplanation of arithmetic Ibr daily use), 

5. llu-fsao SnaJi-s/nL The author and the date ol this work 
are both unknown, but it secans to have bt‘en written in the 
ad or 3d centiir)’.^ It is one of the standard trcsitises on 
arithmetic of the Chinese. 

6. Hak/ao S/dr/i-sku. I'liis was a rc[>ublication of No. .j,, and 
appeared about the time of tine Japanese dec,rcc of 701. d'he 
name signilics “The Island Arithmetical Classic”,-^ und seems 
to come from the first [)rol)leni, whii:h relates to thc‘ measuring 
of an island from a, dist.int point. 

7. Chiii-srni. This work, which was probabl}* a conmuattai*}' 
on the Suan-slut {SuhVi-k'uii^;) of No. 8, is lost. 

8. i'/iii(-cha)iy; Suan-shu^ means “/Xrithmctical 
Rules in Nine Sections^’. It is the grcate.st arithmetical classii: 
of China, and tradition assigns to it remote anti(|uity. It is 
related in the ancient l'u}iyykirn-kany-}}n(h (Ccrncral History ol 
China) that the ICm})eror IIwang-ti,5 who lived in 2^37 H. ( 

1 t ew-hwuy aceortlini^ to Wylit*';. Irunslitcralitui, who also ussitnis him lo 
about the 5tli century ih ( 

2 But see Wyt.ik, h>c, cit., who rclets it to about tlic 5th crntiiry, and 
improperly state.*; that \Vu i\sao is the author’s name, lie ^pves it the cone 
mon name of Swan la u (Arithmetical cla:e;ic). 

.i Also written ihif-^aau-swan-iSn:;. 

4 Krw i'hanii'-swan sh:t, A?.v < //./a*,;-, ujrv- ■.//-/;, A'.v.v/ 

5 Or HoanUi, thc“VclIow Kmf crar”. Some writers jdve the liatc much earlier 
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11 , 1 IR. OCUUIJU IfilUVi. 


China as Chow-piy said to mean the “ I hii;!i bone i>i CIu>w 
The thigh bone possibly signifies, from its shape, the base a 
altitude of a triangle. Chow is thought to l>c the nanu* ul 
certain scholar who died in 1105 B. but it ma\' havt‘ bt 
simply the name of the d\'nast\'. This scholar is sometin 
spoken of as Chow Kiing,* and is said it) have had a diseussi 
with a nobleman named Kaon, or Shang Rao, wliich is 
forth in this book in the form of a, dialogue. 'The topic is i 
so-called Pythagorean theorem, and the tiuu' is over five huiulr 
years before Pythagoras gave what was probalily the ti 
scientific proof of the [iroposiliou. 'The work relates to gi 
metric measures and to astronomy.-^ 

2. Sini-fsii This trt!atise e.onsists of throe? boo 

and is commonly known in China as the Suhvi-khiy; {Ari 
metical classic) of Siin-lsii (Sun-tszc, or Swcietsc). a wri 
who lived probably in the 3d century A. I )., but possibl}' mu 
earlier. The work attracted much alUmtion and is reierred 
by most of the later writers, and stn tu'al commcnliuit's hr 
appeared upon it Siin-tsii treats of alygrbraic ([uantitics, a 
gives an example in indeterminate e(|ualions. 'Hus prolilem 
to “find a number which, when divided 1)\' 3 leaves a rcmaiiu 
of 2, when divided by 5 leaves 3, and when divitkul 

7 leaves 2.''5 This work is sometimes, but without any 
reason, assigned to Sun Wu, one of the most illustralious n 
of the 6th century Ik C. 

3. Lhir Chang. This is unknown. I'herc was a writer nan: 

1 Pi mean.s leg, thigh, thigh-bone. 

2 Chi Tan, known as Chow Kung (that is, the Duke of Ohowt, was bnU 
and advisor to the Kniperor Wu Wang of the Ciiow tlynatay. If is possi 
that he wrote the Chow Di, ‘‘Institutions of tiic Chow Dyiuuay”, althougl 
is more probable that it was wriltcn for him. The ej.tabii*aHueiit i 
prosperity of the Chow dynasty is largely due to him, ‘Fhcrc i;. uu H 
doubt as to the antirpiity of this work, ami the eritieal study ofscholujN r 
eventually place it much later than the traditional d:Ue here |dvcii. 

3 Also written Shang Kaon. 

4 kor a translation of the dialogue .sec \V\t.u, A., /A 

Shanghai 1897, Part III, p. 103. 

5 His result is 23. hor his method of solving see Wvi ir, lor. cit., p. t 


II. The Second Period. 


13 


(4) Shao-kang {Sliaou-kwajig). This relates to the extraction 
of square and cube roots, the process being much like that of 
the present time. . 

(5) Shtvig-kiing. This has reference to the mensuration of 
such solids as the prism, cylinder, pyramid, circular cone, 
frustum of a cone, tetrahedron, and wedge. 

(6) Kin-sJm (Kimi-sJioo^ Gkim-s/izc) treats of alligation. 

(7) Ying-pu-tsu ( Yuug-jiz, Yin-mc/t). This chapter treats of 
‘^Excess and deficiency”, and follows essentially the old rule 
of false position.^ 

(8) Fang - cJihig {Fang- chhigy Fang - ching). This chapter 
relates to linear equations involving two or more unknown 
quantities, in which both positive (ching) or negative (foo) terms 
are employed. The following example is a type: “If 5 oxen 
and 2 sheep cost 10 taels of gold, and 2 oxen and 8 sheep 
cost 8 taels, what is the price of each?” It is probable that 
this chapter contains the earliest known mention of a negative 
quantity, and if the ancient text has not been corrupted J it 
places this kind of number between 2000 and 3000 B. C. 

(9) Kou-kii, a term meaning a right triangle. The essential 
feature of this chapter is the Pythagorean theorem, which is 
stated as follows: “The first side and the second side being 
each squared and added, the square root of the sum is 
the hypotenuse.” One of the twenty -four problems in this 
section involves the equation + (20 4- I4),r — 2X20>< 1775 == o, 
and a rule is laid down that is equivalent to the modern for- 
mula for the quadratic. If these problems were in the original 
text, and that text has the antiquity usually assigned to it, 
concerning neither of which we are at all certain, then they 
contain the oldest known quadratic equation. The interrelation 
of ancient mathematics is seen in two problems in this chapter. 
One is that of the reed growing i foot above the surface in the 
center of a pond 10 feet square, which just reaches the surface 
when drawn to the edge of the pond, it being required to find the 


I The Rd^^ida falsi or Regula positions of the Middle i\ges in Europe. The 
rule seems to have been of oriental origin. 


caused his minister Li Show' tu form the ( ^ 

the text of the original work we arc not certain, i(»r the rcas 
that during the Ch’in dynasty (220 205 B. i j the cmpci 

Chi Hoang-ti decreed, in 213 B. C., tiiat all the books 
the empire should be burned. And while it is prol)able ti 
the classics were all surre|)titiously |)re.serveti, and wiiile th 
could all have been repeated from memory, still thi‘ tc'Kt m 
have been more or less currii[)ied during the reiggi of ll 
oriental vandal. The text as it comes to us is that oi i 'ha 
T’sang of the second century B. C., revi.sed b)‘ iJiing Chk 
ch’ang about a hundred 3’ears later. ‘ Both ot theso writ( 
lived in the Former Hair* dynasty (202 Ik ('. 2.| A. 1 ).), 

period corresponding in time and in tact with tlu‘ /\ugustan a 
in Europe, and one in which groat etlurt was mack: to rest( 
the lost classics^ ^i^d both were ministers of the (‘ugicror. 

This classical work had such an effect upon tlu: luathcmati 
of Jcipan that a summary of the contents of the liooks or tdiaplt 
of which it is composed will not be out of |)lacc. llu: wo 
contained 246 problems, and these arc arranged in nine sec 
ions as follows: 

(1) Fang'~ticn, surve^dng. 'Bhis relate, ‘s to llu' mcn.malion 
various plane figures, including* triangles, <|uadi ilateral .. eirch 
circular segments and sectors, and the annulus. It al 10 contai 
some treatment of fractions. 

(2) Sult-pu {Shu -poo). This treats chicll}* o! commerci 
problems solved by the “rule of three”. 

(3) SInvai-fen {Shwou-Jh^^^ ShuoiJ<'u\. 'fiiis deals with paitne 
ship. 


^ Or I.i-.shou. 

2 Wylie, A., 0/ //ir .s;v///.r .»/ ro: 

JIt'rald for 1852, .Shanidiai Almauac for 185 .5, f ‘7. c ■ • . v ,, * ’h:tHi|'/h 

1897, Part J If, page 159; Hikknat/.IvI, Ide . ( t'lUJr.i 

Journal for 1856, vol. 52. 

3 For this information wc* are iml(!hlc<l to the trstiiutmv of I m I Ini, who 
commentary was written in 263, 

4 Also known as the Western flan. 

5 Lkgge, j., I'Jto Chinese idasdiS. c ixford 18*15, .'ml rUiUon, viil. I, p. 
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was looked upon as the patron of science and letters. (See 
Fig, 3.) The second is that of Michinori, Lord of the pro- 
vince of Hyuga. His name is connected with a mathematical 
theory called the Keishi- 
za)i, It seems to have been 
related to permutations and 
to have been thought of 
enough consequence to 
attract the attention of 
Yoshida^ and of his great 
successor Seki 3 in the 
17 th century. MichinorPs 
work was written in the 
Hogen period(i 156—1 159). 

The third name is that 
of Gensho, a Buddhist priest 
in the time of Shogun 
Yoriyiye, at the opening 
of the 13th century. Trad- 
ition'^ says that he was distinguished for his arithmetical powers, 
but so far as we know he wrote nothing and had no per- 
manent influence upon mathematics. 

Thus passes and closes a period of a thousand years, with 
not a single book of any merit, and without advancing tile 
science of mathematics a single pace. Europe- was backward 
enough, but Japan was worse. China was doing a little, India 
was doing more, but the Arab was accomplishing still more 
through his restlessness of spirit if not through his mathe- 
matical genius. The world’s rebirth was approaching, and this 
Renaissance came to Japan at about the time that it came to 
Europe, accompanied in both cases by a grafting of foreign 
learning upon native stock. 

1 Endo, Book Ij p. 28; Murai Chuzen, Sampo D 5 shimo?i, 

2 See his Jinko-ki of 1627. 

3 See Chapter VI. 

4 See ISOMURA. Kittoku, Shnsho Ketsugisho^ 1684, Book 4, marginal note. 
Isomura died in 1710. 
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2. Japanese Calendar Rolls. 


Uda’s successor, 
lie died in 903. 
he was canonized 


Daigo, banished him from the court and 
He was a learned man, and after his death 
under the name Tenjin (Heavenly man) and 
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was a late product, papyrus being unknown in Greece for 
example before the seventh century B. C., parchment being an 
invention of the fifth century B. C., paper being a relatively 
late product,^ and metal and stone being the common media 
for the transmission of written knowledge in the earlier centuries 
in China. On account of the crude numeral systems of the 
ancients and the scarcity of convenient writing material, there 
were invented in very early times various forms of the abacus, 
and this instrumental arithmetic did not give way to the 
graphical in western Europe until well into the Renaissance 
period. 3 In eastern Europe it never has been replaced, for the 
tschotii is used everywhere in Russia today, and when one 
passes over into Persia the same type of abacus^ is common 
in all the bazaars. In China the swan-pan is universally used 
for purposes of computation, and in Japan the soroban is as 
strongly entrenched as it was before the invasion of western 
ideas. 

The Japanese soroban is a comparatively recent invention, having 
been derived from the Chinese szva 7 i-pan (Fig. 10), which is also 
relatively modern. The earlier means employed in China ai'e 
known to us chiefly through the masterly work of Mei Wen- 
ting (1633 — 1721)5 entitled Kou-sivan-kH-JS ao.^ Mei Wen-ting 
was one of the greatest Chinese mathematicians, the author 
of upwards of eighty works or memoirs, and one of the lead- 
ing writers on the history of mathematics among his people. 
Pie tells us that the early instrument of calculation was a set 


1 Pliny says of the second century B. C. 

2 It seems to have been brought into Europe by the Moors in the twelfth 
century. 

3 See Smith, D. E., Kara Ariih?neilca, Boston 1 909, index under Coimkrs. 

4 Known in Armenia as the clwreb, in Turkey as the amlba. 

5 Surnamed Ting-kieou and Wou-ngan. He lived in the brilliant reign of 
Kang-hi, who had been educated partly under tbe influence of the Jesuit 
missionaries. 

6 Researches on ancient calculating instruments. See ViSSiEre, loc. cit., 
p. 7, from whom I have freely quoted; Wylie, A., Notes 01 Chinese Literature, 
p. 91. 
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CHAPTER III. 


The Development of the Soroban. 

Before proceeding to a consideration of the third period 
Japanese mathematics, approximately the seventeenth cent 
of the Christian era, it becomes necessary to turn our atten 
to the history of the simple but remarkable calculating mad 
which is universal in all parts of the Island Empire, the soro^ 
This will be followed by a chapter upon another mechari 
aid known as the sa7igi, since each of these devices ha 
marked influence upon higher as well as elementary ma 
matics from the seventeenth to the nineteenth century.’^ 
The numeral systems of the ancients were so unsuitec 
the purposes of actual calculation that probably some forn 
mechanical calculation was always necessary. This fact is 
more evident when we consider that convenient writing mat 


I The literature of these forms of the abacus is extensive. The folio 
are some of the most important sources : VissiERE, A., Recherckes siir Vo) 
de fabacque chimis, in Bulletin de Ghgraphie, Paris 1892; Knott, C. G.; 
Abacus in its historic and scie 7 itijic aspects, in the Tra^tsactiofis of the A 
Society of Japan, Yokohama 1886, vol. 14, p. 18; GoschkewitscH, J., 
das Chmesiche Rechenbreit, in the Arbeiten der Kaiserlich Russischeft Ge 
schaft zu Peking^ Berlin 1858, vol. I, p. 293 (no history); van Name, R. 
the Abaaes of China a?id Japafiy Journal of the Americaii 07 ie?ital Society, 
vol. X, proc., p. CX; Rodet, L., Le soiia7t-pan des Chmois, Bullciui < 
Socieie mathimatique de France, l88o, vol. VIII; DE LA CoUPERIE, A. T., 
Old Xumeralsy the Counirng-Rods, a 7 td the Swan-pan, Nu7nis7natic Chrc 
London 1883, vol. Ill (3), p. 297; Hayashi, T., A brief history of Jap 
Mathematics, part I, p. i8; Hubner, M., Die charaktetdstischen Fo7'fne7 
Reckenbretts, Zeitschrift fur Lehrmittelwesen etc., Wien 1906, 11. Jahrg., ; 

(not histoncal). There is also an extensive literature relating to other i 
of the abacus. 
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Furthermore the great astronomer and engineer of the Mongol 
dynasty, Kouo Sheou-kin (1281), in his Sheou-she Li^ a treatise 
on the calendar, gives the number 198617 in the following 
form, which may be compared with the Japanese sa 7 igi of 

which we shall presently speak: [ ]J[J ^ — IJ. This plan 

is much older than the thirteenth century, however, for in the 
Sim- 1 sit Siian-ching mentioned in Chapter II, written by Sun- 
tsu about the third century, it is stated that the units should 
be vertical, the tens horizontal, the hundreds vertical, the 
thousands horizontal, and so on, and that for 6 one should not 
use six rods, since a single rod suffices for 5. These rules are 
repeated, almost verbatim, in the Hia-heou Yang Sitan-ching, 
one of the Chinese mathematical classics, probably of the sixth 
century. The rods are therefore very old, and they were the 
common means of representing numbers in China, as we shall 
see was also the case in Japan, until a relatively late period. 

As to the methods of operating with the rods, Yang Houei, 
in his Sill- kou-Ch'ai-ki- Swan -fa of 1275 or 1276, gives the 
following example in multiplication: 

= 1 1 1 1 J. = multiplier = 247 

^ 1 1 1 J_ = multiplicand = 73^ 

I = 1 JL FUT = = product = 181792 

From China the calculating rods passed to Korea where the 
natives use them even to this day. These sticks are commonly 
made of bamboo, split into square prisms, and numbering 
about 150 in a set. They are kept in a bamboo case, although 
some are made of bone and are kept in a cloth bag as shown 
in the illustration, (Fig. 4.). The Korean represents his numbers 
from left to right, laying the rods as follows: 

I II 111 III! X XI Xll Xlll Xllll — 

1234567 S 9 10 n 


1 We are indebted to an educated Korean, Mr. C. Cho, of the Methodist 
Publishing House in Tokio, for this information. On the mathematics of 
Korea in general, see Lowell, P., The Land of the Mornmg Calm. Boston 
1886, p. 250. One of the leading classics of the country is the So 7 ig yang 
hoei soan fa, or Song yang hoid sanpep (Treatise on Arithmetic by Yang Hoei 
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of rods, cUeoiu^ The earliest definite information that wt 
of the use of these rods is in the Han Shu (Records ( 
Han Dynasty), which was written by Pan Ku of the Late 
period, in the year 8o of our era. According to hii 
ancient arithmeticians used comparatively long rods,- ar 
commentary of Sou Lin on the Han history tells us tlui 
hundred seventy-one of these formed a set.^ Furthermc 
the Cke-choiio (Narrative of the Century), written by Liec 
k’ing in the fifth century, it appears that ivory rods were 
We also find that the ancient ideograph for szvaii (recki 
is TiT Tn> ^ form that is manifestly derived from the rod; 
that is evidently the source of the present Chinese ideo^ 
Mei Wen-ting says that it is impossible to give the ori 
these rods, but he believes that the ancient classic, the YiL 
gives evidence, in its mystic trigrams, of their very earh’' 
hs to the size of the rods in ancient times we are not infi 
none being now extant, but an early work on cooking, tlie L 
k'ouei-lou, speaks of cutting pieces of meat 3 inches Ions 
a calculating rod, from which we get some idea of their 1 
As to the early Chinese method of representing nui 
we have a description by Ts’ai Ch'en, surnamed Kieoi 
(1167 — 1230), a philosopher of the Song dynasty. In his . 
fan (Book of Annals) he gives the numerals as follows: 

1 II III III! lllllTlill...|||...|il|||| IIIIT---T1--- 

I 2 3 4 5 6 7 S 9 12 25 46 69 


1 There is not space in this work to enter into a discussion of the p 
earlier use of knotted cords, a primitive system in many parts of the 
Lao-tze, “the old philosopher”, refers to them in his Tao-teh-kui^^'^ a 
classic of the sixth century B. C., saying: “Let the people return to I 
cords {chieng-shhig) and use them.” See the English edition by Dr. P. 
Chicago, 1898, pp. 137, 272, 323. 

2 The text says 6 units (inches) but we do not know the length 
unit (inch) of that period. 

0 The old word means, possibly, a handful. 

4 The date of the Yih-King or Book of Changes is uncertain. It i: 
spoken of as Ajiiiquissimus Sinarum liber ^ as in an edition by Juuus 
Stuttgart, 1S34— 9, 2 vols. It is ascribed to Fuh-hi (B. C. 3322) the 
founder of the nation. There is an extensive literature upon the sul 
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The date of the introduction of the rods into Japan is un- 
known, but at any rate from the time of the Empress Suiko 
(593 — ^28 A. D.)"^ the chikusakii (bamboo rods) were used. 
These were thin round sticks about 2 mm. in diameter and 
12 cm. in length, but because of their liability to roll they were 
in due time replaced by the sangi pieces, square prisms about 
7 mm. thick and 5 cm. long. (Fig. 5.) When this transition 



Tig. 5. The sangi or computing rods. Nineteenth century specimens. 

took place is unknown, nor is it material since the methods 
of using the two were the same.^ 

The method of representing the numbers by means of the 
sangi was the same as the one already described as having 
long been used by the Chinese. The units, hundreds, ten 

1 Hay Asm, T , A brief hisio?y of the yapa?iese Maihe77iatics, in the Nieuiv 
Archief voor Wiskimde, tweede Reeks, zesde en sevende Deel, part I, p. 18. 

2 Indeed it is not certain that there was a sudden change from one to 
the other or that the names signified two different forms. The old Chinese 
names were cJdeon (which is the Japanese sa77gi) and fse^ and these were 
used as synonymous. 
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thousands, and so on for the odd places, were represented - 
follows : 

I II III nil mil T TT ¥ mT 

12345 67S9 

The tens, thousands, hundred thousands, and so on for t! 
the even places, were represented as follows: 

10 20 30 40 50 60 70 So 90 

These numerals were arranged in a series of squares resembli 
our chess-board, called a swan-pan, although not at all li 
the Chinese abacus that bears this name. The following illusb 
tion (Fig. 6), taken* from Sato Shigeharu’s Tengen Shinan 
1698, shows its general form: 



Fig. 6. The general form of the sangi board, from a work of 1698. 
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The number 38057, for example, would be represented thus: 



The number 1267, represented by the sangi without the ruled 
board. Is shown in Fig. 7. 

From representing the numbers by the sangi on a ruled 
board came a much later method of transferring the lines to 



Fig. 7. The number 1267 represented by sangi. 


paper, and using a circle to represent the vacant square. This 
could only have occurred after the zero had reached China 
and had been passed on to Japan, but the date is only a 
matter of conjecture. By this method, instead of having 38057 
represented as shown above, we should have it written thus: 

iifeoiT 

In laying down the rods a red piece indicated a positive number 
and a black one a negative. In writing, however, a mark 
placed obliquely across a number indicated subtraction. Thus, 

m meant — 3, and ^ meant — 6. 

The use of the sa7igi in the fundamental operations may be 
illustrated by the following example in which we are required 
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HI. Tht* I>cvrlo|ntwi« *'»' fht- .Srtioijan. 


to find the s/u) (tjuntient) 276 , and 

the hd (divisor) 12 .' 
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First consider the Jifsa m ne|.;;itivi% iiii.lic,:iliii|4 itir i;ii:| in this 

manner: 
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Multiply the M by 20, and put the jirtiilncl* beside the 
jitsu^ thus; 
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1 = 
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jiim 

As 


^ These examples are taken' from ll4YASllfs 
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which, by combining numbers in the jitsu, reduces to 

sho 
jitsu 
ho 

The Iw is now advanced one place, exactly as was done in 
the early European plan of division by the galley method, 
after which the next figure of the shd is evidently 3, and the 
work appears as follows: 

shD 
jitsu 
hD 

Multiplying the hd by 3 the product, 36, is again written beside 
the jitsu, giving 

^ I 

sho 

jitsu or 

Jw 




III 




II 





— 





T 


— 

11 



a result which is written thus: 



In order that the appearance of the smigi in actual use may 
be more clearly seen, a page from Nishiwaki Richyu’s Sampd 
l^engen Roku of 1714 is reproduced in Fig. 8, and an illustra- 
tion from Miyake Kenryu's Shdjutsu Sangaku Zuye of 1795 in 
Fig. 9. 
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Fig, 8. Sangi board. From Niishiwaki Richyu^^ Sam/^i A\4is i 


In the later years of the stvi^i computation the cuhI^ 
arranging the even place.s differently from the odd ; 
changed, and instead of representing 38057 by the old oic 
as shown on page 25, it was represented thus: 

I Called the Method of arrangeiiient cil Hun 
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This was done only on the ruled squares, however, the written 
form remaining- as shown on page 25. 

The transition from the cJHeoii or rod calculation to the 
present form of abacus in China next demands our attention. 
Mei Wen-ting, whose name has already been mentioned, ex- 
presses regret that an exact date for the abacus cannot be 



fixed. He says, however, ‘Tf, in my ignorance, I may be 
allowed to hazard a guess, I should say that it began with the 
first years of the Ming Dynasty.*' This would be aboud 1384, 
when T'ai-tsou, the first Ming emperor, undertook to reform 
the calendar. At any rate, Mei Wen- ting concludes that in 
the reform of the calendar in 1281 rods were used, while in 
that of 1384 the abacus was employed. There is evidence, 
however, that the abacus was known in China in the twelfth 
century, but that it was not until the fourteenth that it was 
commonly used.* Since a division table such as is used in 
manipulating the swan-pa?i is given in a work by Yang Hui 
who flourished at the close of the Song Dynasty, in the latter 

I VlSSlERE, he. ciL\ Mikami, Y., A Remark on the Chinese Mathemaiics in 
Cantor's Geschichte der Matheniatiky Archiv der Mathemaiik und Fhysik, vol. XV (3)> 
Heft I. 
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half of the thirteenth century, we have reason to believe that 
the swan-pan was known at that time. Moreover we have the 
titles of several books such as Chou-pan Chi and Pan^ckou Cht 
recorded in the Historical Records of the Song Dynasty, which 
seem to refer to this instrument. It must also be admitted 
that at least one much earlier work mentions ''computations 
by means of balls, '’.although this seems to have been only a 



Fig. 10. The Chinese swan-pan, indicating the number 27091. 


local plan known to but few. That the Roman abacus should 
have been known very early in China is not only probable 
but fairly certain, in view of the relations between China and 
Italy at the time of the Caesars.^ 

The Chinese abacus is known commonly as the szva7i-pan 
{swan- fan, ^'reckoning table"). In southern China it is also 
known as the soo-panp and in Calcutta, where the Chinese 
shroffs employ it, the name is corrupted to swinbon. The 
literary name is chou-pan ("ball table" or "pearl table"). As 
will be seen by the illustration there are five balls below the 


1 See Smith and Karpinski, he. dt., p. 79. 

2 Bowring, J., The Decimal Syslem. London 1854, p. 193. 
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line and two above, each of the latter counting as five. In 
the illustration (Fig. 10) the balls are placed to represent 27091. 
The balls are called chou (pearls) or 
tse (son, child, grain), and are common- 
ly spoken of as swan- f mi chou- tse. 

The transverse bar is the leang (beam) 
or tsz-leang (spinal colum, also used 
to designate the ridge-pole of a roof). 

The columns are called wet (positions), 
hang (lines), or tang (steps, or bars). 

The left side is called tsHen (front) 
and the right side heou (rear). This 
was the instrument that replaced the 
ancient rods about the year 1300, per- 
haps suggested by the ancient Roman 
abacus which it resembles quite closely, 
perhaps by some form of instrument 
in Central Asia, and perhaps invented 
by the Chinese themselves. The re- 
semblance to the Roman form, and 
the known intercourse with the West, 
both favor the first of these hypo- 
theses. 

Just as the Japanese received the 
sangi from China, perhaps by way of 
Korea, so they received the abacus 
from the same source. They call their 
nstrument by the name sorobany which 
some have thought to be a corruption 
of the Chinese swan-pan^ * and others 
to have been derived from the word 
soroiban, meaning an orderly arranged 
table. * 

The soroban is an improvement upon 
the swan-pan, as will be seen by the illustration. Instead of 


1 Knott, loc. cit., p. 45. 

2 Oyamada, Maisunoya Hikki, 


Fig. II. The soroban^ indicating the number 90278 in the middle of the board. 
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having two S-balls it has only one, and it replaces the 
by buttons having a sharp edge that the finger easily eng 
without slipping. In the illustration (Fig. ii) the number 9c 
is represented in the center of the sorodafi. 

The invention of the soroban, or rather the importation 
the improvement of the swan-pan, is usually assigned to 
close of the sixteenth century, although we shall show 
this is probably too late a date. In the Sampo Tamatet 
by Fukuda Riken, published in 1879, an account is give 
the journey of one Mori Kambei Shigeyoshi, a scholar oi 
sixteenth century, to China. Mori was in his early day 
the service of Lord Ikeda Terumasa, and was afterwan 
retainer of the great hero Toyotomi Hideyoshi, better kr 
as Taiko, who in the turbulent days of the close of the J 
kaga Shogunate'' subdued the entire country, compelling p 
by force of arms. The story goes that Taiko, wishini 
make his court a center of learning, sent Mori to Chin 
acquire the mathematical knowledge that was wholly wai 
in Japan at that period. Mori, however, was a man of hu: 
station, and his requests on behalf of his master were tre 
with such contempt that he returned to his native land 
little to show for his efforts. Upon relating his trials 
humiliation to Taiko, the latter bestowed upon him the tit^ 
Dewa no Kami, or Lord of Dewa. Again Mori set ou 
China, but again he was destined to meet with some di‘ 
pointment, for hardly had he set foot on Chinese soil 
Taiko began his invasion of Korea. China at once bee 
involved in the defence of what was practically a vassal £ 
and as the war progressed it became more and more a m 
■ of danger for a Japanese to reside within her borders, 
was not received with the favor that he had hoped for, 
in due time returned to his native land. Although he had s 
some time abroad, he had not accomplished his entire pur| 
Nevertheless he brought back with him a considerable knowL 


^ This just preceded the Tokugawa shogunate, which lasted from 
to 1S68. 
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of Chinese mathematics, and also the swan-pan, which was 
forthwith developed into the present soroban. If the story is 
true, Mori must have spent some years in China, for Taiko 
began his invasion in 1592 and died in 1598, and he was 
already dead when Mori returned. Mori repaired to the Castle 
of Osaka which Taiko had built and where he had lived, and 
there he was hospitably received by the son and successor 
of the great warrior. There he lived and wrote until the 
city was besieged in 1615, and the castle taken by Japan’s 
greatest hero, Tokugawa lyeyasu, founder of the Tokugawa 
shogunate, whose tomb at Nikko is a Mecca for all tourists 
to that delightful region. We are told by Araki,^ who lived 
at the beginning of the eighteenth century, that Mori thence- 
forth taught the soroban arithmetic in Kyoto. 

Although this story of Mori’s visit to China and of his intro- 
duction of the soroban is a recent one, it has been credited 
by some of the best writers in Japan.* Nevertheless there is 
a good deal of uncertainty about his journey, 3 and still more 
about his having been the one to introduce the soroban into 
Japan. Fukuda Riken who, as we have said, first published 
the story in 1879, gives no sources for his information. He 
received his information largely from his friend C. Kawakita, 
who tells the writers that it was Uchida Gokan who started 
the story of Mori’s first Chinese journey, claiming that he had 
read it once upon a time in a certain old manuscript that 
was in the library of Yushima, in Yedo. Unfortunately on 
the dissolution of the shogunate, at the time of the rise of 

1 In the Arakl Son-yei Chadan, or Stories told by Araki (Hikoshiro) Son- 
yei (1640 — 1718). 

2 Endo, Book I, p. 45 — 46, 54—56; Hayashi, History^ p. 30, and his bio- 
graphical sketch of Seki Kowa in the Honcho Shgaku Koenshil (Lectures on 
the Mathematics of Japan}, 1908, pp. 8 — 10. 

3 For example, Alfred Westphal claims that it was Korea rather than 
China that Mori visited. See his Bdtrag zti 7 ' Geschichie der Mathemaiik, in 
the Mitiheihcngen der deuischen Gesellschafi fur Naiur- und Vdlkerkunde Osi- 
asiens in Tokyo, IX. Heft, 1876. The Chinese journey is looked upon as fic- 
tion by the learned C. Kawakita, who has studied very carefully the bio- 
graphies of the Japanese mathematicians. 


3 
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the modern Empire, the books of this library were disi)crsed 
and the manuscript in question seems to have been irretrievably 
lost. That Uchida claims to have seen it we have been per- 
sonally informed both by Mr. Kawakita and by Mr. N. Oka- 
moto, to whom he told the circumstance. Nevertheless as 
historical evidence all this is practically worthless. Uchida was 
a learned man, but his reputation was not above reproach. 
He never told the story until the manuscript had disappeared, 
and no one has the slightest idea of the age, the character, 
or the reliability of the document. Moreover the older writers 
make no mention of this Chinese journe>^, as witness the Amki 
Son-yei Chadan which was written only a century after Mori 
lived and which gives a sketch of his life and a brief state- 
ment concerning the early Japanese mathematics. In Murai^s 
Sampd Dushi-monA nearly a century later still, no men- 
tion is made of the matter. Indeed, it is not until after the 
story was started by Uchida that we ever hear of it.* 

But whether or not Mori went to China, he did much for 
mathematics and he was an expert in the manipulation of 
the soroban. He was also possessed of a well-known Chinese 
treatise on the sumi-pan^ written by Ch'eng Tai-wei-^ and 
published in 1593,’* a work that greatly influenced Japanese 
mathematics even long after Morins death. M 6 ri himself publish- 
ed a work on arithmetic in two books entitled Kijo Kanp\ 
and he left a manuscript on mathematics WTitten in 1628.^ 
Both have been lost, however, and of the contents of neitlicr 


I Book I, chapter on the Origin of Arithmetic, publinhed in lyKt. 

a The oldest manuscript that we have found that Hpeakt of it is %SinRAiSHVs 
Sil^a yimmd- Shi, but since the author was a contemporary of Uchida he 
probably simply related the latter’s story. 

3 Erroneously given in Endo as Ju Szu-pu. Book I, p. 45. 

4 The Suanfa T^ungdsong. 

5 The KijohO method of division on the soroban, described later. See 
Murai, Sampo Doshi-mbn, 1 781, Book I; and Endo, Book I, p, 45. 

6 This fact is recorded in an anonymous manuicript entitled Smmm Zui» 
hitsu, which relates that the original manuscript, signed and lealed by Mori 
himself, was in the possession of a mathematician named Kubodera early in 
the nineteenth century. 
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have we any knowledge. Mori seems to have made a livelihood 
after the fall of Osaka by teaching arithmetic in Kyoto, where 
hundreds of pupils flocked to learn of him and study with the 
man who proclaimed himself ^'The first instructor in division 
in the world.’' He is said to have spent his last years at Yedo, 
the modern Tokyo. Three of his pupils, Yoshida Koyu, Ima- 
mura Chisho, and Takahara Kisshu, known to their contempo- 
raries as ‘'The three Arithmeticians,” ^ did much to revive the 
study of the science in what we have designated as the third 
period of Japanese mathematics, and of them we shall speak 
more at length in a later chapter. 

There are various reasons for believing that the swaU’-pan 
was not first brought to Japan by Mori. In the first place, 
such simple devices of the merchant class usually find their 
way through the needs of trade rather than through the efforts 
of the scholar. It was so with the Hindu- Arabic numerals in 
the West , 3 and it was probably so with the swan^pan in the 
East. There is a tradition that another Mori, ^ Mori Misaburo, 
an inhabitant of Yamada in the province of Ise, owned a swan- 
pan in the Bun-an Era, u e.y in 1444-1449. This instrument 
is still preserved and is now in the possession of the Kita- 
batake family, s It is also related that the great general and 
statesman Hosokawa Yusai, in the time of Taik 5 , owned a 
small ivory soroban, but of course this may have come from 
his contemporary Mori Kambei. It is, however, reasonable to 
believe that, with the prosperous intercourse between China 
and Japan during the Ashikaga Shogunate, from the fourteenth to 
the end of the sixteenth centuries the swan-pin could not have 
failed to become known to the Japanese merchants, even if it 
was not extensively used by them. On the other hand, Mori 
Kambei was the first great teacher of the art of manipulating it, 

1 See Endo, Book I, p. 55, and the Araki Son-yei Ckadan, 

2 Also as the San-shij or “three honorable scholars.” 

3 See Smith and Karpinski, he. dt., p. 114. 

4 Not Mori, however. 

5 It was exhibited not long ago in Tokyo. We are indebted for this in- 
formation to Mr. N. Okamoto. 

3 * 
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adding 2 more, leaving the five-ball and 2 unit balls. To add 7 
and 6 , we set down the 7 by moving the five-ball and 2 unit 
balls; we then move 3 more balls, which give us 10, and we 
indicate this by moving i ball in tens’ column, clearing the 
units’ column at the same time, and then we add 3 more, 
making 1 ten and 3 units. It will be seen that as fast as 
any number is set down it is thereby added to the preceding 
suni, thus making the work very rapid in the hands of a skilled 
operator. Subtraction is evidently performed with equal ease. 

For multiplying readily on the soroban it is necessary to 
learn the multiplication table. In this table the Japanese have 
two points of advantage over the Western peoples: (i) they 
do not use the words “times” or “equals”, thus saving con- 
siderably in time and energy whenever they employ it; (2) they 
learn their products only one way, as 6 7’s but not 7 6’s. - Thus 
their table for 6 is as follows:' 


Japanese names In our figures 


ichi 

roku 

roku* 

1 

6 

6 

ni 

roku 

ju ni 

2 

6 

12 

san 

roku 5 

ju hachi 

3 

6 

18 

shi 

roku 

ni ju shi 

4 

6 

24 

go 

roku 

san ju 

5 

6 

30 

roku 

roku 

san ju roku 

6 

6 

36 

roku 

shichi 

shi ju ni 

6 

7 

42 

roku 

hachi ^ 

shi ju hachi 

6 

8 

48 

roku 

ku 5 

go ju shi 

6 

9 

54 

This table 

reminds 

us of the one in 

common 

use by the 


Italian merchants from the fourteenth to the sixteenth century, 
and which was probably quite universal in the mercantile houses. 

For purposes of historic interest we take to illustrate the 
process of multiplication an example from the Jinkd-ki of 


1 Knott, he. at., p. 50. 

^ This is usually stated as ^‘in roku ga rokUy^ the icki being corrupted to in 
and the ga inserted for euphony. 

3 Corrupted to sahu roku, 

4 The hachi is abbreviated to ka in this case, for euphony. 

5 Roku ku may here be abbreviated to rokku. 
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Yoshida, published in aiul described mar<> fully 

Chapter V. To mulliph' (•35 by i(> the mullijilier is placed 
to the left of the nuiltiplicanil on the .wo/uin, si plan that is 
exactly opposite to the Chinese arran-jenient as set forth in the 
Suan-/a Tufig-tsoiiir of 1503. It represents one of the im- 



13. to »»!5. 


provements of Mori or of Voshitla. smd has always been 
followed in Japan. 

Wc fir.st take the partial product 5 ft •« 30. ami place the 
30 ju.st to the right of the 635,’ so that the sorti/nin reads 

If) b2 53 f) 



Fi|.p 14, jh 


We now take 5 i »» 5, ami add this 5 to the 3, making 
the product 80 thu.H far. The 5 of the (>*$ now having been 

* In general, the nnltt' figure of Jhia prwlucl i* jtlaeet a* many eolamni 
to the right M there are figure* in the multiplier. 
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multiplied 

follows: 


by 1 6, it is removed, so that the figures stand as 
1 6 62080 



Fig. 15. i6 62080. 

The next step is the multiplication of 2 by 16, and this is 
done precisely as the 5 was multiplied. Expressed in figures 
the operation on the soroban is as follows: 

16 62080 

2x6== 12 

2x1= 2 

Cancel 2 16 60400 

the 2 in 62080 being removed because the multiplication of 
2 by 16 has been effected. 



Fig. 16. 16 60400. 


The next step is the multiplication of 6 by 16, and the work 
appears on the soroban as follows: 

16 60400 



The result is therefore loooo. 





The process of division is much more complicated, and re- 
quires the perfect memorizing of a table technically known as 
the Ku ki ho, or "Nine Returning Method." It is given here 
only for 2, 6, and y." ^ 


Ni ichi ten saku no go 
Nitchin in ju’ 

Ni shi shin ga ni jd 
Ni roku shin ga .san ju 
Ni hachi shin ga shi ju 


far 6‘. 


2 J replace bj' 5 
2 2 gives t ten 
2 4 gives 2 tens 
2 6 gives 3 tens 
2 8 gives 4 tens 


Roku ichi kakka no shi 
Roku ni san ja no ni 
Roku san ten saku no go 
Roku shi roku ja no shi 
Roku go hachi ja no ni 
Roku chin in ja 

TMe 

Shichi ichi kakka no san 
Shichi ni kakka no roku 
Shichi san shi ja no m 
Shichi shi go ja no go 
Shichi go shichi ju no ichi 
Shichi roku hachi jO no shi 
Shichi chin in ja 

* Knott, he, eil,, as eoitmettiA ku Mu u. 


b t 14 
6 2 33 
6 3 50 
b 4 64 
<S 5 82 

b 6 gives I ten 


7 t 13 

7 3 26 
7 3 42 
7 4 55 
7 5 7* 

7 6 84 

7 7 Mives i ten 


& 
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The table is not so unintelligible as it seems to a stranger, 
and in fact its use has certain advantages over Western me- 
thods. In the first place it is not encumbered with such words 
as ‘‘divided by’’ or “contained in,” and in the second place it 
is not carried beyond the point where the dividend number as 
expressed in the table equals the divisor. It is in fact merely 
a table of quotients and remainders. Consider, for example, 
the table for 7. This states that 

10:7= I , and 3 remainder 
20:7== 2, and 6 remainder 
30:7 = 4, and 2 remainder 
40:7= 5 , and 5 remainder 
50 : 7 = 7, and I remainder 
60 : 7 = 8, and 4 remainder 
70: 7= 10 

Taking again an example from the classical work of Yoshida, 
let us divide 1234 by 8. These numbers will be represented 
on the soroban in the usual way, and placed as follows: 

8 1234 

The table now gives “8 i 12”, meaning that lO: 8 = i, with 
a remainder 2. We therefore leave the i untouched and add 
2 to the next figure, the numbers then appearing as follows: 

8 1434 

where the i represents the first figure in the quotient, and 434 
represents the next dividend. 

The table now tells us “8 4 50”, meaning that 40 : 8 = 5, 
with no remainder. We therefore remove the first 4 and put 
5 in its place, the soroban now indicating 

8 1534 

where 15 represents the first two figures in the quotient, and 
34 represents the next dividend. 

The table now tells us “8 3 36”, meaning that 30 : 8 = 3, 
with a remainder 6. This means that the next figure of the 
quotient is 3, and that we have 6 + 4 still to divide. The soroban 
is therefore arranged to indicate 

8 153 (10) 
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But 10 : 8 == I, with a remainder 2, so the soroban is arrange 
to indicate S 1542 

meaning that the quotient is 1 54 3 ,nd the remainder is 2. W 
may now consider the result is 154 i/ 4 , or we may contini 
the process and obtain a decimal fraction. 

If the divisor has two or more figures it is convenient ■ 
have the following table in addition to the one already give 

1 with I, make it 91 

2 2, ,, „ 9^ 

3 3 . ,, .. 93 

4 J? ff 94 

5 }} S? J 3 » 95 

6 9 ^ 

7 ,, 7 . .. 97 

8 „ 8, „ „ 98 

9 9 > ..99 

This means that 10:1=9 and i remainder, 20 : 2 = 9 ar 
2 remainder, and so on. 

We shall sketch briefly the process of dividing 289899 1 : 
486 as given by Yoshida. Arrange the soroba^i to indicate 

486 289899. 

The table gives “4 2 50”, so we change the 2 to 5 ar 
arrange the soroban to indicate the following: 

486 589899 
5x8= 40 

5x6= 30 


486 546899 

Here 5 is the first figure of the quotient and 46899 is tl 
remainder to be divided. Looking now at the last table v 
find 4 94’', so we change the 4 to 9 and add 4 to tl 
following digit. Tht soroban is arranged to indicate the followini 

486 546899 

Then 486 596899 

Add 4 4 

Then 9x8= 72 

9x6= 54 

Subtract 72 and 54 486 593159 
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Here 59 is the first part of the quotient and 3159 is the 
remainder to be divided. 

Proceeding in the same way, the next figure in the tj[uotient 
is 6, and the sorolmn indicates 

486 S 07 S 9 
486 596243 
486 5965 

and the quotient is 596.5. 



Fig. iB. From the work of Fujiwara Norika?,e, 1S25. 


This method of division is that given in the yinkihki, but in 
1645 another plan was suggested by a well-known teacher, 
Momokawa Chubei. * This was the S/wjo/ia, or method of di- 
vision by the aid of tlie ordinary multiplication table, as in 
written arithmetic. Momokawa sets it forth in a work entitled 

EndO gives his personal name as Jihei, but this is open to doubt 




Kamei-zan (1645), thenceforth the method itself bore this 
name. This plan, like the Jinkoki, is fundamentally a Chinese 
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It is hardly worth while to consider the method of extracting 
roots by the help of the soroban^ since the general theory does 
not differ from the one used in the West, and the subsidiary 
operations have been sufficiently explained. 

Although the soroban began to replace the bamboo rods 
soon after 1600, it took more than a century for the latter to 
disappear as means for computation, and, as we shall see, they 
continued to be used for about two hundred years longer in 
connection with algebraic work. In Isomura Kittoku’s SampD 
Ketsngi-shd of 1660 (second edition 1684), and Sawaguchi’s 
Kokon Sarnpd-ki of 1670, for example, we find both the rods 



Fig. 20. From Miyake Kenryu’s work of 1795. 


and the soroban explained, and in another work of 1693 only 
the rods are given. The Tenge?i Shinan, by Sato Shigeharu, 
printed in 1698, also gives only the rods, as does the Kwatsuyo 
Sampd (Method of Mathematics) which Araki Hikoshiro Son- 
yei, being old, caused his pupil Otaka Yoshimasa to prepare 
in 1709.^ In Murata Tsushin’s Wakait Sampd, published in 
1743, both systems are used, and in a primary arithmetic 
printed in 1781 only the rods are employed, so that we see 
that it was a long time before the soroba?i completely replaced 
the more ancient method of computation. In general we may 
say that all algebras used the sangi in connection with the 
“celestial element” method of solving equations, explained in 
the next chapter, while little by little the soroban replaced them 


I It was printed in 1712. 




46 


III. The Deveiopinent of tiie Horoban. 


for arithmetical work. Tlie pictures of children learning to use 
the sorohan are often intere.sling. as in the one iroin the arith- 
metic of Fujiwara Norika/e, of uS::5 (Fig. t.H). The early 
pictures of the use of the instrument in mercantile affairs are 
also curious, as in Fig. 19, taken from an anonymous work of 
the seventeenth century. An illustration of a jutpil learning 
the use of the soroimn, from Miyake Kenryu’s work of 1795 1 
is shown in Fig. 20. 

^ The first edition was 1716. 



CHAPTER IV. 


The Sangi applied to Algebra. 

As stated in the preceding chapter, it seems necessary to 
break the continuity of the historical narative by speaking of 
the introduction of the soroban and the sangi, since these 
mechanical devices must be known, at least in a general way, 
before the contributions of the later writers can be understood. 
As already explained, the chiknsaku or “bamboo rods” had 
been brought over from China at any rate as early as 600 A. D., 
and for a thousand years had held sway in the domain of 
calculation. They had formed one of the inheritances of the 
people, and the fact that they are still used in Korea shows 
how strong their hold would naturally have been with a patriotic 
race like the Japanese. We have much the same experience 
in the Western World in connection with the metric system 
today. No one doubts for a moment that this system will in 
due time be commonly used in England and America, the race 
for world commerce deciding the issue even if the merits of 
the system should fail to do so. Nevertheless such a change 
comes only by degrees in democratic lands, and while our 
complicated system of compound numbers is rapidly giving 
way, the metric system is not so rapidly replacing' it. 

So it was in Japan in the 17th century. The samurai despised 
the plebeian soroban, and the guild of learning sympathized with 
this attitude of mind. The result was that while soroban 
replaced the rods for business purposes, the latter maintained 
their supremacy in the calculations of higher mathematics. 

There was a further reason for this attitude of mind in the fact 
that the rods were already in use in the solution of the equation. 
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having been well known for this purpose ever since Ch’in ( 
shao(i247), Li Yeh (1248 and 1257), and Chu Chi-chieh (n 
had described them in their works. 

As stated in Chapter III, the early bamboo rods tende 
roll off the table or out of the group in which they 
placed. On this account the Koreans use a trianguloid p 
as shown in the illustration on page 22, and the Japane! 
due time resorted to square prisms about 7 mm. thick 
5 cm. long. These pieces had the name sanchu, or, i 
commonly, sangi, and part of each set was colored red 
part black, the former representing positive mumbers and 
latter negative. A set of these pieces, now a rarity eve 
Japan, is shown on page 23. 

This distinction between positive and negative is very 
In Chinese, cheng was the positive and fu the negative, 
the same ideographs are employed in Japan today, only 01 
the terms having changed, sei being used for chhig, T 
Chinese terms are found in the Chiu-chang Suayi-shii as re^ 
by Chang T’sang in the 2nd century B. C.,* and hence 
probably much more ancient even than the latter date, 
use of the red and black for positive and negative is four 
Liu Hui’s commentary on the Chiu-chang^ written in 263 A. 
but there is no reason for believing that it originated with 
It is probably one of the early mathematical inheritance 
the Chinese the origin of which will never be known, 
applied to the solution of the equation, however, we hav 
description of their use " before the work of Ch’in Chiu-shc 
1247. In the treatises of Li Yeh and Chu Chi-chieh ^ the 
given a method known as the fien-yicen-shu, or tengen ^ 

1 Chu Shi-chieh, or Choo Shi-ki. Takebe’s commentary (1690) upc 
work of 1299 is mentioned in Chapter VIL He also wrote in 1303 a 
entitled Sze-yuenyuh-kien, “Precious mirror of the four elements,’^ but ' 
not known to have reached Japan. 

2 See No. 8 of the list described in Chap. 11 , p. ii. 

3 See p. ir. 

4 His work was known as Suan-hsiao Chi-meng^ or Swan-hsueJ'-chi- 
It was lost to the Chinese for a long time, but Lo Shih-lin discovc 
Korean edition of 1660 and reprinted it in 1839. 
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as it has come into the Japanese, a term meaning ‘The-» method 
of the celestial element.” 

These three writers appeared in widely separated parts of 
China, under the contending monarchies of Song and Yiian, 
at practically the same time, in the 13th century.^ The first, 
Ch’in Chiu-shao,^ introduced the Monad as the symbol for the 
unknown quantity, and solved certain equations of the 6 th, 
7 th, 8 th, and even higher degrees. The ancient favorite of 
the West, the problem of the couriers, is among his exercises. 
He states that he was from a province at that time held by 
the Yuan people (the Mongols) - 

The second of this trio, Li Yeh ,3 wrote ^The mirror of the 
mensuration of circles” in which algebra is applied to trigono- 
metry. ^ The third of the group is Chu Chi-chieh, to whose 
work we have just referred. That other writers of prominence 
had treated of algebra before this time is evident from a pas- 
sage in the preface of Chu Chi-chieh’s work. In this he refers 
to Chiang Chou Li Wend, Shih Hsing-Dao, and Liu Ju-Hsieh 
as having written on equations with one unknown quantity; to 
Li Te Tsi, who used equations with two unknowns, and to Liu 
Ta Chien, who used three unknowns. Chu Chi-chieh s seems to 
hav^e been the first Chinese writer to treat of systems of linear 
equations with four unknowns, after the old ^‘Nine Sections.” 


^ WvLlE, A., Chinese Researches^ Shanghai, 1897, Part III, p. I 75 J Mikami, Y., 

Remark on the Chinese Mathematics in Cantoris Geschichte der Alathematik, 
Archiv der Math, und Rhysik, vol. XV (3), Heft I. 

2 Tsin Kiu-tschau, Tsin Kew Chaou. His work, entitled Su-shu Chiu- 
change or Shti hsiceh Chiu Change appeared in 1 247. He also wrote the Shu 
shu ta Lueh (General rules on arithmetic). 

3 Or Li-yay. Li was the family name, and Yeh or Yay the personal 
name, this being the common order. He is also known by his familiar 
name, Jin-king, and also as Li Ching Chai. 

4 His two works are entitled T’se-yuan Hai-ching (1248) and I-ku Yen-tuan 
(1257). The dates are a little uncertain, since Li Yeh states in the preface 
that the second work was printed 1 1 years after the first. Tse-yilan means 
*‘to measure the circle’’, and Hai-chhig means “mirror of sea”. 

5 For a translation of his work I am indebted to Professor Chen of Peking 

University. D. E. S. . 


4 
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In order that we may have a better understanding of ‘ 
basis upon which Japanese algebra was built, a few words 
necessary upon the state to which the Chinese had brought ^ 
science by this period. While algebra had been known bef 
: the 13 th century, it took a great step forward through 1 

t labors of the three men whose names have been mention 

’ They called their method by various names, but the one 

ready given, and Lih-tien-yue 7 i-yih, '‘The setting up of the ( 
f lestial Monad”, are the ones commonly used. 

In general in this new algebra, unity represents the unkno 
quantity, and the successive powers are indicated by the pla 
the sangi being used for the coefficients, thus: 


l = _ + 

nr JL Tf + 66x 

1 1 1 T ^ ^ — 360 

Li Yeh puts the absolute term on the bottom line as he 
shown, in his work of 1248. In his work of 1259 and in t 
works of Ch’in and Chu it is placed at the top. The syml 
after 66 was called yue?i and indicated the monad, while t 
one after 360 was called tai, a shortened form of tai-kiehy “t 
extreme limit”. In practice they were commonly omitted. T 
circle is the zero in 360, and the cancellation mark indical 
that the number is negative, a feature introduced by Li Y< 
With the sangi, red rods would be used for i, 15, and 66, a 
black ones for 360. It will be noticed that this symbolism 
in advance of anything that was being used in Europe at t. 
time, and that it has some slight resemblance to that used 
Bhaskara, in India, in the 12 th century. 

Ch’in Chiu-shao (1247) gives a method of approximating t 
roots of numerical higher equations which he speaks of as t 
Ling 4 ung-kae-fang, “Harmoniously alternating evolution”, a pi 
in which, by the manipulation of the. sangi^ he finds the rc 
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by what is substantially the niethod rediscovered by Horner, 
in England, in 1819. Another writer of the same period, 
Yang Hwuy, in his analysis of the Chiu-chang,'^ gives the 
same rule under the name of Tsang-c king -fang, ''Accumu- 
lating involution”, but he does not illustrate it by solved 
problems. We are therefore compelled to admit that Horner’s 
method is a Chinese product of the 13 th century, and we 
shall see that the Japanese adopted it in what we have called 
the third period of their mathematical history. 

It is also interesting to know that Chu Chi-chieh in the Sze- 
yiien Yihkien (1303) gives as an “ancient method^’ the relation 
of the binomial coefficients known in Europe as the “Pascal 
triangle”, =* and that among his names for the various monads 
(unknowns) is the equivalent for thing.^ This is the same as 
the Latin res and the Italian cosa, both of which had un- 
doubtedly come from the ICast. It is one of the many interest- 
ing problems in the history of mathematics to trace the origin 
of this term. ^ 

Chu Chi-chieh writes the equivalent of -h i 

-f X as is here shown, except that we use T for i T i 
the symbol tai, and the modern numerals instead i 

of the sangi forms. The sciuare of this expression he writes 
thus : ^ 

2 0 2 

3 

I o T o I 

3 

2 0 2 

I 

a method that is ciuickly learned and easily employed. 

1 See p. n. 

2 This was also known in Europe long before Pascal. See Smith, D. E., 
Kara Anthmetica, Boston, 1909, p. 156. 

3 He uses the names henvini, earth, tnan^ thing, although the first three 
usually designated known quantities. 

4 The resemblance to the Egyptian ahe, mass (or hait, heap), of the 
Ahmes papyrus, c. 1700 B. C, will possibly occur to the reader, 

4*^ 
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The /'celestial eletnenf’ process as given by Chu Chi-chi 
in 1299 found its way into Japan at least as early as 1 
middle of the 17th century, and the Suan-ksiao Cki-meng v 
reprinted there no less than three times. ^ The single rule h 
down in this classical work for the use of the sa^igz in t 
solution of numerical equations contains but little positive inf 
mation. Retaining the Japanese terms, and translating qu 
literally, we may state it as follows: — 

“Arrange the seki in the jitsu ^ class, adjusting the hd, r 
and gu classes. Then add the like-signed and subtract t 
unlike-signed, and evolve the root.^’ 

This reminds one of the cryptic rules of the Middle 
and early Renaissance in Europe, but unlike some of these 
is at least not an anagram to which there is no key. T 
seki is the quantity in a problem that must be expressed 
the absolute term before solving, and which is represented 
the sangi in next to the top row, the jitsu class. The coe: 
cients of the first, second, and third powers of the unkno\ 
are then represented by the sangi in the successive rows belo 
in the ho, ren, and gu classes. The rest of the rule amour 
to saying that the pupil should proceed as he has been taug] 
The method is best understood by actually solving a numeric 
higher equation, but inasmuch as the manipulation of the san 
has already been explained in the preceding chapter, the coef 
cients will now be represented by modern numerals. TJ 
problem which we shall use is taken from the eighth book 
the Tengen Shinan of Sato Moshun or Shigeharu, published 
1698, and only the general directions will be given, as was t] 
custom. The reader may compare the work with the commc 
Horner method in which the reasoning involved is more elec 
Let it be required to solve the equation 

I 1520 — 432;ir — 236 ;ir" + 4;r3 = o 


I Far the first time in 1658. Dowun, a Buddhist priest, with the possit 
deplume of Baisho, mentions one Hisada (or Kuda) Gentetsu (probal 
also a priest) as the editor. It was also printed in 1672 by Hoshino Jitsuse 
and some time later by Takebe Kenko. 
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Arrange the sangi on the board to indicate the following: 


(r) 






(0) 

I 

I 

5 

2 

0 

(I) 


— 

4 

3 

2 

( 2 ) 


— 

2 

3 

6 

(3) 





4 

(4) 

1 




I 


Here the top line, marked (r), is reserved for the root, and 
the lines marked (o), (i), (2), (3), (4) are filled with the sangi 
representing the coefficients of the oth, ist, 2d, 3d, and 4th 
powers of the unknown quantity. With the sangi, the negative 
432 and 236 would be in black, while the positive 1 1 520, 4, 
and I would be in red. 

First advance the ist, 2d, 3d, and 4th degree classes i, 2, 
3, 4 places respectively, thus: 


(r) 






( 0 ) 

I 

I 

5 

2 

0 

(I) 

— 

4 

3 

2 


(2) 

— 2 

3 

6 



(3) 


4 




(4) 

I 






The root will have two figures and the tens’ figure is i. 
Multiply this 10 by the i of class (4) and add it to class (3), 
thus making 14 in class (3). Multiply this 14 by the root, 10, 
and add it to — 236 of class (2), thus making — 96 in class (2). 
Multiply this — 96 by the root, 10, and add it to — 432 of class 
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(I), thus making —1392 in class (i). Multiply this -1392 by 
the root, 10, and add it to 11520 of class (0), thus making 
— 2400. The result then appears as follows: 


(r) 




I 


(0) 


-2 

4 

0 

0 

(I) 

- I 

3 

9 

2 


(2) 


-9 

6 



(3) 

I 

4 




(4) 

I 






Now repeat the process, multiplying the root, lo, into class (4) 
and adding to class (3), making 24; multiply 24 by the root 
and add to class (2), making 144; multiply 144 by the root 
and add to class (i), making 48. The result then appears as 
follows: 


(r) 




I 


(0) 


-2 

4 

0 

0 

(0 



4 

8 


(2) 

I 

4 

4 



(3) 

2 

4 




(4) 

I 






Repeat the process, multiplying the root, 10, into class (4) 
and adding to class (3), making 34; multiply 34 by the root 
and add to class (2) making 484. 

Again repeat the process, multiplying the root into class (4) 
and adding to class (3), making 44. 

Now move the sangi representing the coefficients of classes 
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(i)> ( 2 ), (3), (4), to the right I, 2, 3, 4, places, respectively, and 
we have: 



The second figure of the root is 2.^ Multiply this into class 
(4) and add to class (3), making 46. Multiply the same root 
figure, 2, into this class (3) and add to class (2), making 576. 
Multiply this 576 by 2 and add to class (i), making 1200. 
Multiply this 1200 by 2 and add to class (0), making o. The 
work now appears as follows: — 

(r) 

(0) 

(1) 

(2) 

( 3 ) 

( 4 ) 



The root therefore is 12. 

It may now be helpful to give a synoptic arrangement of 
the entire process in order that this Chinese method of the 
13 th century, practiced in Japan in the 17th century, may be 


^ It is not stated how either figure is ascertained. 





compared with Homer’s method. The work as descril 
substantially as follows: 



— 2i6x^ 

— 432ar+ 1 1 520 

I + 4 - 

- 236 — 

432 + II 520 

10 

140 — 

960—13920 

I 14- 

- 96- 

1392 2400 

10 

240 

1440 

I 24 

144 

48 — 2400 

10 

340 

2400 

I 34 

484 

0 

00 

10 


1152 

I 44 

484 

1200 

2 

92 


I 46 

576 



Chu Chi-chieh also gives, in the Suari-hsiao Chi^meng^ 
for the treatment of negative numbers. The following tr 
tions are as literal as the circumstances allow: 

“When the same-named diminish each other, the difl 
named should be added together. ^ If then there is no opj 
for a positive term, make it negative; and for a negative, 
it positive.”^ 

“When the different-named diminish each other the 
named should be added together. If then there is no op| 
for a positive, make it positive; and for a negative, m 

negative.” 3 

“When the same-named are multiplied together, the p 
is made positive. When the different-named are mul 
together, the product is made negative.” 

The method of the “celestial element”, with the sang 
with the rules just stated, entered into the Japanese i 

I This is intended to mean that when (-h 4) — (+ 3 ) == + (4 — ^ 
(+ 4) — (—3) should be + 4 -f- 3 - 

* That is, o — (-j- 4) == — 4, and o — ( — 4) == -|- 4. 

3 When (-f p)-— (— q)= -fp-f-q, then (— p) — (-j- q) == — (p -j- q 
® + (+ 4) ~ “b 4 » and o - 4 - (— 4) = — 4. 
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matics of the 17th century, to be described in the following 
chapter. They were purely Chinese in origin, but Japan ad- 
vanced the method, carrying it to a high degree of perfection 
at the time when China was abandoning her native mathe- 
matics under the influence of the Jesuits. It is, therefore, in 
Japan rather than China that we must look in the 17th cen- 
tury for the strictly oriental development of calculation, of al- 
gebra, and of geometry. 

Among the other writers of the period several treated of 
magic squares. Among these was Hoshino Sanenobu, whose 
Ko-ko-gen Shs (Triangular Extract) appeared in 1673. Half of 
one of his magic squares in shown in the following facsimile: 
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Fig. 21 . Half of a magic square, from Hoshino Sanenobn’s work of 1673. 


One who is not of the Japanese race cannot refrain from mar- 
velling at the ingenuity of many of these problems proposed 
during the 17 th century, and at the painstaking efforts put 
forth in their solution. He is reminded of the intricate ivory 
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carvings of these ingenious and patient people, of tlie curi 
puzzles with which they delight the world, and ed tlie fii 
which characterizes their artistic i)roductions, h'ew of th 
problems could be mistaken for western productions, and 
solutions, so far as they arc given, are like tlic art and 
literature of the people, indigenous to the soil of Japan. 



CHAPTER V. 


The Third Period. 

It was stated in the opening chapter that the third of the 
periods into which we arbitrarily divide the history of Japanese 
n.i.athematics was less than a century in duration, extending 
from about 1600 to about 1675. The first of these dates is 
selected as marking approximately the beginning of the activity 
of Mori Kambei Shigeyoshi, who was mentioned in Chapter III, 
and the last as marking that of Seki. It was an era of 
intellectual awakening in Japan, of the welcoming of Chinese 
ideas, and of the encouragement of native effort Of the work 
of Mori we have already spoken, because he had so much to 
do with making known, and possibly improving, the soroba?i. 
It now remains to speak of his pupils, and first of Yoshida. 

Yoshida Shichibei Koyu, or Mitsuyoshi, was born at Saga, 
near Kyoto, in 1598, as we are told in Kawakita’s manuscript, 
tile Uonchd Sugaku Shiryd, He belonged to an ancient family 
tliat had contributed not a few illustrious names to the history 
of the country. Yoshida Sokei, for example, who died in 1572, 
was well known in medicine, and had twice made a journey to 
China in search of information, once with a Buddhist bonze ^ 
in 1539, and again in 1547. His son Koko, (1554 — 1616), was 
a noted engineer, and is known for his work in improving 
navigation on the Fujikawa and other rivers that had been 
too dangerous for the passage of boats. Koko’s son Soan 
was, like his father, well known for his learning and for his 
engineering skill. * Yoshida Koyu, the mathematician, was a 


1 Priest. The name is a Portuguese corruption of a Japanese term. 

2 See the Senteisit Sodan ZokU’-hen^ 1884, Book I. 
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grandson, on his mother’s side, of Yoshida Koko."^ He 
also related in another way to the Yoshida family, being 
eldest son of Yoshida Shuan, who was the great-grandsoi 
Sokei’s father, Sochu. 

Yoshida, as we shall now call him, early manifested a t 
for mathematics, going as a youth to Kyoto that he m: 
study under the renowned Mori. His ignorance of Chinese 
a serious handicap, however, and his progress was a dh 
pointment. He thereupon set to work to learn the langu; 
studying under the guidance of his relative Yoshida Soan, 
in due time became so proficient that he was able to read 
Suan-fa Tung-tsong of Ch’eng Tai-wei.^ His progress 
mathematics then became so rapid that it is related^ that 
soon distanced his master, so that Mori himself was glac 
become his pupil. Yoshida also continued to excel in Chin 
so that, whereas Mori knew the language only indifferer 
his quondam pupil became master of the entire mathemat 
literature. 

Mori’s works were the earliest native Japanese books 
mathematics of which we have any record, but they seerr 
be irretrievably lost It is therefore to Yoshida that we L 
as the author of the oldest Japanese work on mathema 
extant. This work was written in 1627 and is entitled Jin 
ku The name is interesting, the Chinese ideogram mean 
(among other things) a small number, kd meaning a la 
number, and ki a treatise, so that the title signifies a trea 
on numbers from the greatest to the least. Yoshida tells 
in the preface that it was selected for him by one Genkc 
Buddhist priest, and it is typical of the condensed express!' 
of the Japanese. 

The work relates chiefly to the arithmetical operations 
performed on the sorodan, including square and cube root, 
it also has some interesting applications and it gives 3.16 


J Endo, Book I, p. 35. 

^ Whicli had appeared in 1593. See p. 34. 

3 By K.AW AKITA in the Honcho Sugaku Shiryd. 
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the value of tt. It is based largely upon the Sua?i-fa TM7ig- 
tsong already described, and the preface states that it originally 
consisted of eighteen books. Only three books have come 
down to us, however, and indeed we are assured that only 
three were ever printed. "" This was the first treatise on mathe- 
matics ever printed in Japan, or at least the first of any im- 
portance. * It appeared in 16273 and was immediately received 
with great enthusiasm. Even during Yoshida’s life a number 
of editions appeared,^ and the name Jmko-ki was used so 
often after his death, by other authors, that it became a syno- 
nym for arithmetic, as algorismus did in Europe in the late 
Middle Ages.s Indeed it is hardly too much to compare the 
celebrity of the Jinkd-ki in Japan with that of the arithmetic 
of Nicomachus in the late Greek civilization. Yoshida also 
wrote on the calendar, but these works ^ were not so well 
known. 

So great was the fame of Yoshida that he was called to 
the court of Hosokawa, the feudal lord of Higo, that he might 
instruct his patron in the art of numbers Here he resided for 
a time, and at his lord’s death, in 1641, he returned to his 
native place and gathered about him a large number of pupils, 
even as M5ri had done before him. In his declining years an 
affection of the eyes, which had troubled him from his youth, 
became more serious, and finally resulted in the affliction of 


1 By the bonze GenkO who wrote the preface, and by Yoshida himself 
at the end of the 1634 edition. 

2 Mr. End 5 has shown the authors the copy of the edition of 1634 in 
the library of the Tokyo Academy and has assured us that the edition 
of 1627 was the first Japanese mathematical work of any importance. There 
is a tradition that Mori’s Kijo Ranjo was also printed. 

3 That is, the 4th year of Kwan-ei. 

4 As in 1634, 1641, and 1669, all edited by Yoshida. There were several 
pirated editions. See Muramatsu’s Sanso of 1663, Book III; Endo, Book I, 
PP- 58, 59 , 34 etc. 

5 Compare the German expression “Nach Adam Riese”, the English “Accord- 
ing to Cocker’% the early American “According to Daboll”, and the French 
word Bareme. 

6 For example, the Wakan Go’^un and the Koreki Benran. 
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total blindness, — the fate of Saunderson and of Euler as well 
He died in 1672 at the a^e of .seventy-four.* 

The immediate effect of the work of Mori and Yoshida was 
a great awakening of interest in computation and mensuration 
In 1630 the Shogun establi.shed the A’fVw/ •/>/, a public school 
of arts and sciences. Unfortunatel}', however, mathematics 
found no place in the curriculum, remaining in the hands of 
private teachers, as in the days of the (ierman Rcchenmeister. 
Nevertheless the science progressed in a vigorous manner and 
numerous books were published uj)on the subject. Yoshida 
had appended to one of the later editions of his 7 inkt)-ki a 
number of problems with the [U’oposal that his successors 
solve them. These provoked a great deal of discussion and 
interest, and led other writers to follow the same i)lan, thus 
leading to the so-called idai shotod ‘^mathematical problems 
proposed for solution and solved in snbsc<iuent works’". This 
scheme was so popular that it continued until 1813, appearing 
for the last time in the San^aku Koc/d of Ishiguro Shin-yii. 

The particular edition of \ oshida^H yinko-M in which these 
problems appeared is not extant, but the |>r(>bleins are known 
through their treatment by later writers, and some of them 
will be given when we come to speak of the work of Isomura. 

The second of Mori’s “three honorable scliolars” mentioned 
in Chapter III was Imamura Chislu), and twelve years after the 
appearance of the yinko-ki, that is in 1639, published a 
treatise entitled, yu^i^ddrohiJ Yoshida’s work had appeared 
in Japanese, although it followed the Chinese style, but Ima- 
mura wrote in classical Chinese. Beginning witli a treatment 
of the soroban^ he does not confine himself to arithmetic, as 
Yoshida had done, but proceeds to ap{)Iy his number work to 
the calculations of areas and volumes, as in the case of the 

^ C, Kawakita, I/onchff Mirjfff; Enuu, Book I, p, K 4 . 

2 A term used by later scholars. 

3 Mr. Endo has shown the authors a copy of Ando’s commentary in the 
library of the Academy of Science at TohytK and Dr. K. Kano has a copy 
of the original at present in his valuable lji»rary. At tlie end of the work 
the author states that only a hundred copies were printed. 
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circle, the sphere, and the cone. While Yoshida had taken 
3.16 for the value of it, Imamura takes 3. 162. Ando \'uycki 
of Kyoto refers to this in his yNgai-roku Kana-s/io, j)rintcd in 
1660, as obtained by extractinj^ the scjuare root of 10. If this 
is true, Yoshida obtained his in the same wa}', tlic square root 
of 10 having long been a common value for rr in India and 
Arabia, as well as in China. Liu IIius commentary on tlic 
"'Nine Sections'^ asserts that the first Chinese author to use 
this value was Chang I lung, 7H— 139 A. D. it was also 
used by Ch’en IIuo in the eleventh century, and by Chhn 
Chiu-shao in his Su-s/in Chm-chang of 1247.* Some Chinese 
writers even in the present dynasty have used it, and it was 
very likely brought from that country to Japan. It is of interest 
to note that lumbermen and carpenters in certain parts of 
Japan use this value at the present time. 

Imamura gives as a rule for finding the area of a circle 
that the product of the circumference by the diameter should 
be divided by 4. The volume of the sphere witli diameter 
unity is given as 0.51, which does not fit his value of rr as 
closely as might have been expected. He also gives a number 
of problems about the lengths of chords, and writes extensively 
upon Kakii-jutsu or ‘'|)olygonal theory"’,— calculations relating 
to the regular polygons from the triangle to the decagon, lliis 
theory attracted considerable attention on the part of his suc- 
cessors and added much to Imamura’s reputation.® This 
treatise was translated into Japanese and a commentary was 
added by Imamura’s pupil, Ando Yuyeki, in 1660. 

The year following the appearance of the original edition 
Imamura published the Inki Sanka (1640), a little work on the 
soroban, written in verse. The idea was that in this way the 
rules could the more easily be memorized, an idea as old as 
civilization. The Hindus had followed the same plan many 


Mixami, Y., On the (imkgmeni 0/ the Chinese maihematks (In Japanese), 
in iht Journal ef the TSkyh Physies School^ No. 203, p. 450; Mathimatleal papers 
from the Far East, Leipzig, 1910, p. 5. 

2 Endo, Book I, pp. 59, 60. 
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centuries earlier, and a generation or so before Imamuni wrote 
it was being* followed by the arithmetic writers of ICngland. 

The third of the San-s/ii of Mori was Takahara Kisshu, also 
known as Yoshitane.' While he ct>ntributed nothing in the 
way of a published work, he was a great teacher and numbered 
among his pupils some of the best mathematicians of his time. 

During this period of activity numerous writers of prominence 
appeared, particularly on the soroban and cm mensuration. 
Among these writers a few deserve a brief mention at this 
time. Tawara Kamei wrote his SMfikan Samp()-ki in 1652, 



Fig. 22. From Vamada's A'ahan-ki (16$$)^ abowhig a rude trigonometry. 

and Yenami Washo liis SuH/yo-roAn in thu fullowing year. In 
1656 Yamada Jiisei published tiu: KaLsan-Ai (I''ig. 22) which 
•was very widely read, and the title uf which was adopted, 
with various prefixes, by several later writers. The following 
year (1657) saw the publication of I latsusaka’s Yaii/x) Shikan- 
ki and Shibamura’s Kakuchi Sa/tsAio. A year later (1658) 
appeared Nakamura’s SAiiA'aA'n Mondo, followed in 1660 by 
Isomura’s Ketsugi-sho, in 1663 by Muramatsu’.s Sanso, in 1664 


* The names are synonyms. 
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by Nozawa Teicho’s Dokai-sho, and in 1666 by Sato’s Ko7igenki. 
These are little more than names to Western readers, and yet 
they go to show the activity that was manifest in the field of 
elementary mathematics, largely as the result of the labors of 
Mori and of Yoshida. The works themselves were by no 
means commercial arithmetics, for they perfected little by little 
the subject of mensuration, the method of approximating the 
value of TT, and the treatment of the regular polygons, besides 
offering a considerable insight into the nature of magic squares 
and magic circles. To these books we are indebted for our 
knowledge of the work of this period, and particularly to the 
Kaisan-ki (1656), the Shikaku-Mondo (1658), and the Ketsugi- 
shd, (1660). 

The last mentioned work, the Ketsugi-shd, was written by 
a pupil of Takahara Kisshu,^ who was one of the San-shi of 
Mori. His name was Lsomura^ Kittoku, and he was a native 
of Nihommatsu in the north-eastern part of Japan. Isomura’s 
Ketsugi-sho^ appeared in five books in 1660, and was again 
published in 1684 with notes. We know little of his life, but 
he must have been very old when the second edition of his 
work appeared for he tells us in the preface that at that time 
he could hardly hold a soroban or the sarigi. 

, Two features of the Ketsugi-sho deserve mention, — Isomura’s 
statement of the Yoshida problems (including an approach to 
integration, as seen in Fig. 23) and similar ones of his own, 
and his treatment of magic squares and circles. Each of these 
throws a flood of light upon the nature of the mathematics of 
Japan in its Renaissance period, just preceding the advent of 
the greatest of her mathematicians, Seki, and each is therefore 


^ OZA.WA, Sanka Furyaku^ Brief Lineage of Mathematicians”, manuscript 
of 1801. 

2 Endo gives it as Isomura, Book I, pp. 65, 67, and Book II, p. 20 etc., 
and in this lie was at first followed by Hayashi, History^ part I, p. 33, 
although the latter soon after discovered that Iwamura was the better form. 
Hayashi gives the personal name as Yoshinori. 

3 Or Sampd-keim^i-sho. 
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worthy of our attention. Of the Yoshida problems the following* 
are types 

‘There is a log of precious wood i8 feet^ long, whose bases 

are 5 feet and 2| feet in circumference Into what lengths 

should it be cut to trisect the volume?” 

“There have been excavated. 560 measures of earth which 
are to be used for the base of a building. 3 The base is to 
be 30 measures square and 9 measures high. Required the 
size of the upper base.” 



Fig. 23. From the second (1684) edition of Isomura’s Ketsu^-sho. 


“There is a mound of earth in the form of the frustum of 
a circular cone. The circumferences of the bases are 40 mea- 
sures and 120 measures, and the mound is 6 measures high. 
If 1200 measures of earth are taken evenly ofif the top, what 
will then be the height?” 

“A circular piece of land 100 measures in diameter is to be 
divided among three persons so that they shall receive 2900, 


1 The Ketsugi-sho of 1660, Book 4. 

2 In the original “3 measures’*. 

3 That is, for a mound in the form of a frustum of a square pyramid. 
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2500, and 2500 measures respectively." Required the lengths 
of the chords and the altitudes of the segments.” 

The rest of the problems relate to the triangle and to linear 
simultaneous equations of the kind found in such works as the 
“Nine Sections”, the Suan-fa Tu?ig-tsong, and the Suayi-hsiao 
Ckt-mhig. The last of the problems given above is solved by 
Isomura as follows: — 

“Divide 7900 measures,^ the total area, by 2900 measures 
of the northern segment, the result being 2724.3 Double this 
result and we have 5448. Divide the square of the diameter, 
100 measures, by 5448 and the result is 1835.5544 measures. 
The square root of this is 42.85 measures. Subtract this from 
half the diameter and we have 7.15 measures. Multiply the 
42.85 by this and we have 306.4 measures. We now multiply 
by a certain constant for the square and the circle, and divide 
by the diameter and we have 3.45 measures. Subtract this 
from 42.85 measures and we have 39.4 measures for the 
height of the northern segment . . .” 

Following Yoshida’s example, Isomura gives a series of 
problems for solution, a hundred in number, placing them in 
his fifth book. A few of these will show the status of mathe- 
matics at the time of Isomura: 

“From a point in a triangle lines are drawn to the vertices. 
Given the lengths of these lines and of two sides of the triangle, 
to find the length of the third side of the triangle.” (No. 28.) 

“A string 62.5 feet long is laid out so as to form Seimei’s 
Seal. 5 Required the length of the side of the regular pentagon 
in the center.” (No. 38.) 

“A string is coiled so as first to form a circle 0.05 feet in 
diameter, and [then so* that the coils shall] always keep 0.05 
feet apart, and the coil finally measures 125 feet in diameter. 


1 By drawing two parallel chords. 

2 It would have been 7854 if he had taken tz = 3.1416. 

3 I. e., 2.724+. 

4 Where we now introduce the fraction for clearness. 

5 Abe no Seimei was a famous astrologer who died in 1005. His seal 
was the regular pentagonal star, the badge of the Pythagorean brotherhood. 

5 * 
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What is the length of the string?*’ (No. 3c).) M'hc reading 
of this problem is not clear, hut Istmuira seems tu mean that 
a spiral of Archimedes is to he fcumuxl coiled about an inner 
circle, and finally closing in an outer circle, llie curve has 
attracted a good deal of attention in Japan. 

'‘There is a log 18 feet long, the diameter td' the extremities 
being i foot and 2.6 feet respective!}". I Ids is wound spirally 
with a string 75 feet long, the coils being 2.5 feet apart. How 
many times docs the string go around it?** (No. 41.) 

“The bases of a frustum of a circular ixme have for their 
respective diameters 50 measures and I2u measures, and the 
height of the fru.stum is 1 1 measurt‘s. Retiuired to trisect the 
volume by planes perpendicular to tlie luistx” (No. 44,) 

“The bases of a frustum of a circular emm liavc for their re- 
spective diameters 120 and 250 measures, amt Urn height of the 
frustum is 25 measures, ddu* frustum is to be cut obliquely. 
Required the perimeter id' tlie sectitun” (Nic 45.) hresumably 
the cutting plane is to be tangent tu l>ntli ljast?s, thus fimning 
a complete ellip.se, a figure freiiuentl)’ seen in Japanese works. 

’Hn a circle 3 feet in dia- 
meter t| oilier circles arc to be 
placed, e.icli being nz of a 
fool from every idher and from 
the larg.e cifide. Rei|tiircd the 
diameter of the larger circle in 
the center, and of the smaller 
circles Htirrininding it” (No. fe.) 
I'hiH reiiuircs its tti place a 
cirtrle A in the c:eiiter, ar- 
r*mging right smaller circles B 
alxml it Sea as lo satisfy the 
coiulili* arc 

“If 19 equal circles are described otilside *1 given circle tliat 
has a circumference of 12 fei:!. st» as to be t.irigent to the 
given circle and to each other; and if 10 tiihi'rs are similarly 
described witliin the given circle, wlial mil! be the diameters 
of the circles in these Uvii groups?*' {N*». fn.i 
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“To find the length of the minor axis of an ellipse whose 
area i.s 748.940625, and whose major axis is 38 measures.” 
(No. 84.) 

“To find one axis of an ellipsoid of revolution, the other 
axis being 1.8 feet, and the volume being 2422, the unit of 
volume being a cube whose edge is o.i of a foot.” (N. 85.) 
Here the major axis is supposed to be the axis of revolution. 

Isomura was also interested in magic squares, and these forms 
were evidently the object of much study in his later years, 
since the 1684 edition of his Kc-isi/gi-s/iti contains considerable 
material relating to the subject. In the fir.st edition (1660) 
there appear both odd and even-celled squares. The following 
types suffice to illustrate the work.' 
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* It should be said that tlie hbtory of the magic square has never ade- 
quately been treated. Such squares seem to have originated in China and 
to have spread throughout the Orient in early times. They are not found 
in the classicid period in Europe, hut were not uncommon during and after 
the 12th century. They are used as amulets in certain parts of the world, 
and have always been looked upon as having a cabalistic meaning. For a 
study of the subject from the modern standpoint see ANimEWS, W. S., Ma^^nc 
S(jfuareSf Chicago, 1907, and subsequent articles in 'J'kt! Open Court, 
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In the last (1684) edition he gives a nninlicr of new arrange” 
ments, including the following: 
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Isomura did also a good deal of work on magic circles, 
the following appearing in his 1660 edition: 
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In the 1684 edition 
of his Ketstigi-sho he 
gives what he calls 
sets of magic wheels. 
Here, and on pages 
74 and 75, the sums 
in the minor circles 
are constant 

Isomura's method* 
of finding the area 
of the circle is as 

X i66o edition of the 
Keisugi’sMf Book III. 
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follows: Take a circle of diameter lO units, and divide the 
circumference into parts whose lengths are each a unit. li 
will then be found that there are 31 of these equal arcs, with 
a smaller arc of length 0.62. Join the points of division to the 
center, thus making a series of triangular shaped figures. By 



dove-tailing these triangles together we can form a rectangular 

shaped figure whose length is 15.81, and whose width is 5, so that 

the area equals 5x15.81, or 79 * 05 * Hence, in modern notation, 

-7 X diameter is the area. 

4 

In the 1660 edition of the Ketsugi-shu he gives the surface 
of a sphere as one-fourth the square of its circumference, which 
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would make it instead of 4 7rr^ In the 1684 edition/ 

however, he says that this is incorrect, although he asserts 
that it had been stated by Mori, Yoshida, Imamura, Takahara, 
Hiraga, Shimada, and others. It seems that the rule had been 
derived from considering the surface of the sphere as if it were 



the skin of an orange that could be removed and cut into 
triangular forms and fitted together in the same manner as 
the sectors of a circle. The error arose from not considering 
the curvature of the surface. To rectify the error Isomura 


T- Book IV, note. 
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took two concentric spheres with diameters lo and 10.0002 
He then took the differences of their volumes and divided thii 
by 0.0001, the thickness of the rind that lay between the tw( 
surfaces. This gave for the spherical surface 314.160000041888 

from which he deduced the formula, s = = ir This in- 

genious process of finding which of course presupposes th< 
ability to find the volume of a sphere, has since been employee 
by several writers.’^ 

It should be mentioned, before leaving the works of Isomura 
that the 1684 edition of the Ketsugi-sho contains a few note 
in which an attempt is made to solve some simultaneous linea 
equations by the method of the "'Celestial element” ahead] 
described. The author states, however, that he does not favo 
this method, since it seems to fetter the mind, the olde 
arithmetical methods being preferable. 

Isomura seems not to have placed in his writings all of hi 
knowledge of such subjects as the circle, for he distinct!] 
states that one must be personally instructed in regard to som' 
of these measures. Possibly he was desirous of keeping thi 
knowledge a secret, in the same way that Tartaglia wished t< 
keep his solution of the cubic. Indeed, there is a 19th centur] 
manuscript that is anonymous, although probably written b] 
Furukawa Ken, bearing the title Sanwa Zuihitsu (Miscellan] 
about Mathematical Subjects), in which it is related that Iso 
mura possessed a secret book upon the mensuration of th 
circle, and in particular upon the circular arc. It is said tha 
this was later owned by Watanabe Manzo Kazu, one of Aid 
Ammefs pupils, and a retainer of the Lord of Nihommatsi 
where Isomura one time dwelt. The writer of the Sanw. 
Zuihitsu asserts that he saw the book in 1811, during a visi 
at his home by Watanabe, and that he made a copy of it a 
that time. He says that the methods were not modern an* 
that they contained fallacies, but that the explanations wer 


I It is given in Takebe Kenko’s manuscript work, the Ftikyu Teisujuis 
of 1722, in an anonymous manuscript entitled Kigenkai^ and in a work ( 
the 19th century by Wada Nei. 
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minute. The title of the work was Koshigen Yensetsu Hompo, 
and it was dated the 15th day of the 3d month of 1679. 

Next in rank to Isomura, in this period, was Muramatsu 
Kudayu Mosei.^ He was a pupil of Hiraga Yasuhide, a 
distinguished teacher but not a writer, who served under the 
feudal Lord of Mito, meeting with a tragic death in 1683.^ 
Muramatsu was a retainer of ‘ Asano, Lord of Ako, whose 
forced suicide caused the heroic deed of the Forty -seven 
Ronins’’ so familiar to readers of Japanese annals. Muramatsu 
is sometimes recorded as one of the honored ''Forty-seven’^, 
but it was his adopted son, Kihei, and Kihei’s son, who were 
among the number. 3 As to Muramatsu himself, he died at 
an advanced age after a life of great activity in his chosen 
field. 

In 1663 Muramatsu began the publication of a work in five 
books, entitled the Sa?iso^ In this he treats chiefly of arith- 
metic and mensuration, following in part the Chinese work, 
Siian-hsiao Chi-mengy written by Chu Chi-chieh, as mentioned 
on page 48, but he fails to introduce the method of the ^^Ce- 
lestial element”. The most noteworthy part of his work relates 
to the study of polygons s and to the mensuration of the circle.^ 
Taking the radius of the circumscribed circle as S> 
culates the sides of the regular polygons as follows: 


No. of sides. 

Length of side. 

No. of sides. 

Length of s 

5 

S.8778 

II 

2.801586 

6 

5 

12 

2.5875 

7 

4.3506 

13 

2-393 

8 

3.82682 

14 

2.22678 

9 

3.4102 

15 

2.07953 

10 

3.0876 

16 

1.95093 


1 Not Matsumura, as given by Endo. The name Mosei appears as Shigekiyo 
in his Mantoku Jinko-ki (1665). 

2 See the Stones told by Araki. 

3 Aoyama, Lives of the Forty^-seven Loyal Men (in Japanese). 

4 The last book bears the date 1684, and may not have appeared earlier. 

5 Book 2. 6 Book 4. 
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To calculate the circumference Muramatsu begins with a 
inscribed square whose diagonal is unity. He then doubles th 
number of sides, forming a regular octagon, the diameter c 
the circumscribed circle being one. He continues to doubl 
the number of sides until a regular inscribed polygon of 327 
sides is reached. He computes the perimeters of these side 
in order, by applying the Pythagorean Theorem, with th 
following results: 

Perimeter. 

3.06146745892071817384 
3.121445152258052370213 
3.136548490545939347853 
3.140331156954753 
3.1412792509327729134016 
3.141513801144301128448 
3.1415 7294036709 1435162 
3.14158772527715976659 
3.141591421511186733296 
3.1415923455701046761472 
3.1415925765848605108681 
3.14159263433855298 
3.141 592648777698869248 

i 

■ J i 




Having reached this point, Muramatsu proceeded to compar 
the various Chinese values of tt, and stated his conclusion tha 
3.14 should be taken, unaware of the fact that he had foum 
the first 8 figures correctly.^ 

Muramatsu gives a brief statement as to his method c 
finding the volume of a sphere, but does not enter into details. 
He takes lo as the diameter, and by means of parallel plane 
he cuts the sphere into lOO segments of equal altitude. H 
then assumes that each of these segments is a cylinder, eithe 
with the greater of the two bases as its base, or with th 
lesser one. If he takes the greater base, the sum of the vo! 


i No. of sides. 

23 

24 

'! 

' . 2^ 

F 27 

2® 

M : 29 

1' 

2^® 

F • 2^^ 

I ' 2^^ 

2^3 

2^4 

i; 2^5 


1 Endo, Book I, p. 70. 

2 The Sanso, Book 5. 



Fig. 24. Magic circle, from Muramatsu Kudayu Mosei’s Mantoku yinko-ki (1665). 


stating his reasons, that it is 524, which is somewhat less than 
either their arithmetic (527) or their geometric (526.6) mean/ 
and which is equivalent to taking tt as 3. 144, 

Muramatsu was also interested in magic squares ^ and magic 


1 Endo thinks that he may have reached this value by cutting the sphere 
into 200, 400 or some other number of equal parts. History, Book I, p. 71. 

2 His rakusho (afterwards called hdjiri) problems. 
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circles.^ One of his magic squares has 19'* cells, as did on 
published by Nozawa Teicho in the following year.=^ One c 
his magic circles, in which 129 numbers are used, is shown i 
Fig. 24 on page 79. With the numbers expressed in Arabi 
numerals it is as follows: 



In Muramatsu’s work also appears a variant of the famouj 
old Josephus problem, as it is often called in the West, s 
problem that had already appeared in the Jinko-ki of Yoshida 


1 His ensan problems. Sanso, Book 2. 

2 In his Dokai-shd of 1664, 


-+Qairtli 
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As given by Seki, a little later, it is as follows: '^Once upo 
a time there lived a wealthy farmer who had thirty childrei 
half being born of his first wife and half of his second on< 
The latter wished a favorite son to inherit all the property 
and accordingly she asked him one day, saying: Would 
not be well to arrange our thirty children on a circle, callin 



Fig. 26. The Josephus problem, from Miyake Kenryti’s Shojutsu 
Saftgaht Zuye (1795 edition). 


one of them the first and counting out every tenth one unt 
there should remain only one, who should be called the heii 
The husband assenting, the wife arranged the children as showi 
in the figured The counting then began as shown andresultei 
in the elimination of fourteen step- children at once, leavinj 
only one. Thereupon the wife, feeling confident of her success 

I The step children are represented by dark circles, and her own childre 
by light ones. In the old manuscripts the latter are colored red. 
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said: Now that the elimination has proceeded to this stage, 
let us reverse the order, beginning with the child I choose. 
The husband agreed again, and the counting proceeded in the 
reverse order, with the unexpected result that all of the second 
wife's children were stricken out and there remained only the 
step-child, and accordingly he inherited the property.” The 
original is shown in Fig. 25, and an interesting illustration from 
Miyake’s work of 1795 in Fig. 26, but the following diagram 
will assist the reader: 




Perhaps it is more in accord with oriental than with oc- 
cidental nature that the interesting agreement should have 

6 * 
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remained in force, with the result that the heir should hav 
been a step-son of the wife who planned the arrangemen 
Seki also gave the problem, having obtained it from the Jinkt 
ki of Yoshida, although he mentions only the fact that it is a 
old tradition. Possibly it was one of Michinori’s problems i 
the twelfth century, but whether it started in the East an 
made its way to the West, or vice versa, we do not knov 
The earliest definite trace of the analogous problem in Europ 
is in the Codex Einsidelensis, early in the tenth centur; 
although a Latin work of Roman times^ attributes it to Flavii 
Josephus. It is also mentioned in an eleventh century mam 
script in Munich and in the Ta^hbida of Rabbi Abraham ben Ezi 
(d. 1067). It is to the latter that Elias Levita, who seems fir, 
to have made it known in print (1518), assigns its origin, 
commonly appears as a problem relating to Turks and Christian 
or to Jews and Christians, half of whom must be sacrificed 1 
save a sinking ship.® 

The next writer of note was Nozawa Teicho, who publishf 
his Dokai-sho in 1664, and who followed the custom begun t 
Yoshida in the proposing of problems for solution. Nozaw 
solved all of Isomura’s problems and proposed a hundred ne 
ones. He also suggested the quadrature of the circle by cuttir 
it into a number of segments and then summing these parti 
areas. He went so far as to suggest the same plan for tl 
sphere, but in neither case does he carry his work to cot 
pletion. It is of interest to see this approach to the calculi 
. in Japan, contemporary with the like approach at this time 
Europe. Muramatsu had approximated the volume of tl 


1 De belh judaico, III, 1 6. This was formerly attributed to llegesippus 
the second century A. D,, but it is now thought to be by a later writer 
uncertain date. 

2 Common names are Ludus yosephi, yosephsspiel, Sankt Peder's lek (Swedis 
and the Josephus Problem. The Japanese name was Mameko-date, the st< 
children problem. It was very common in early printed books on arithmet 
as in those of Cardan (1539), Ramus (1569), and Thierfelder (1587). The b 
Japanese commentary on the problem is Fujita Sadusuke’s Sandaisu Ka 
(Commentary on Sandaisu), 1774. 
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sphere by means of the summation of cylinders formed on 
circles cut by parallel planes. He had taken lOO of these 
sections, and possibly more, and had taken some kind of 
average that led him to fix upon 524 as the volume of a 
sphere of radius 5. Nozawa apparently intends to go a step 
further and to ' take thinner laminae, thus approaching the 
method used by Cavalieri in his Methodus mdivisibilibus. It is 
possible, as we shall see later, that some hint of the methods 
of the West had already reached the Far East, or it is possible 
that, as seems so often the case, the world was merely show- 
ing that it was intellectually maturing at about the same rate 
in regions far remote one from the other. 

Two years later, in 1666, the annus mirabilis of England, 
Sato Seiko"* wrote his work entitled Kongeyiki.^ In this he 
attempted to solve the problems proposed by Isomura and 
Nozawa, and he set forth 150 new questions. Mention should 
also be made of his interest in magic circles. Since with him 
closes the attempts at the mensuration of the circle and sphere 
prior to the work of Seki, it is proper to give in tabular form 
the results up to this time.^ 


Author 

Date 

TC 

Area of Circle 

Volume of 
sphere 

Yoshida 

1627 

3-i6 

0.79 

0.5625 

Imamura 

1639 

3.162 

0.7905 

0.51 

Yamada 

1656 

3.162 

0.7905 

■ 0-4934 

Shibamura 

1657 

3.162 

0.7905 

0.525 

Isomura 

1660 

3.162 

0.7905 

0.51 

Muramatsu 

1663 

3-14 

0.785 

0.524 

Nozawa 

1664 

3-H 

0.785 

0.523 

Sato 

1666 

3-14 

0.785 

0.519 


1 Written in 1629, but printed in 1635. 

2 Given incorrectly in Fukuda’s Sampo Tamaiebako of 1879, and in Endo, 
Book I, p. 73, as Sato Seioku. 

3 The table in substantially this form appears in Hayashi’s History^ p- 37 - 
See also Herzer, P., he. cit, p. 35 of the Kiel reprint of 1905; Endo, I, p. 75. 
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Sato’s Kongenki of i666 is particularly noteworthy as being 
the first Japanese treatise in which the ^'Celestial element” 
method in algebra, as set forth in the Suan-hsiao Chi-meng^ ^ 
is successfully used. Some of the problems given by him 
require the solution of numerical equations of degree as high 
as the sixth, and it is here that Sato shows his advance over 
his predecessors. The numerical quadratic had been solved in 
Japan before his time, and even certain numerical cubics, but 
Sato was the first to carry this method of solution to equa- 
tions of higher degree. In spite of the fact that he knew the 
principle, Sato showed little desire to carry it out, however, 
so that it was left to his successor to make more widely known 
the Chinese method and to show its great possibilities. 

This successor was Sawaguchi Kazuyuki,^ a pupil of Taka- 
hara Kisshu, and afterwards a pupil of the great Seki. In 1670 
Sawaguchi wrote the Koko 7 i Sampd-ki, the ''Old and New Me- 
thods of Mathematics”. The work consists of seven books, the 
first three of which contain the ordinary mathematical work 
of the time, and the next three a solution by means of equa- 
tions of the problems proposed by Sato. ^ He also followed 
Nozawa in attempting to use a crude calculus (Fig. 27) some- 
what like that known to Cavalieri. Sawaguchi was for a time 
a retainer of Lord Seki Bingo-no-Karni, but through some fault 
of his own he lost the position and the closing years of his 
life were spent in obscurity. + 

Sawaguchi’s solutions of Sato’s problems are not given in 
full. The equations are stated, but these are followed by the 
answers only. An equation of the first degree is called a 
kijo shiki, "divisional expression”, inasmuch as only division is 
needed in its solution, of course after the transposition and 


1 See p. 48. 

2 In later years he seems, according to the Stories told by Araki, to have 
changed his name to Goto Kakubei, although other writers take the two to 
be distinct personages. 

3 It should also be mentioned that a similar use of equations is found in 
Sugiyama TeijPs work that appeared in the same year. 

4 The Stories told by Araki, 
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uniting of terms. Equations of higher degree are called kaiJiO 
shiki, “root-extracting expressions”. As a rule only a single 
root of an equation is taken, although in a few problems this 
rule is not followed.' This idea of the plurality of roots is a 



Fig. 27. Early steps in the calculus. From Sawaguclu Kazuyuki^s Kokon 

Samfd’ki (1670). 


noteworthy advance upon the work of the earlier Chinese 
writers, since the latter had recognized only one root to any 
equation. As is usual in such forward movements, however, 
Sawaguchi did not recognize the significance of the plural 


Sato had already recognised the plurality of roots in his KongenkL 
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roots, calling problems which yickled them erroneous in their 
nature. 

That Sawaguclii’s methods ma}' be untlerstood as fully as 
the nature of his work allows, a few of liis solutions of Sato’s 
problems are set forth: 

'There is a right triangle whose h}*p(jtenusc is 6, and the 
sum of whose area and the s(|uare root of one side is 7.2384. 
Required the other two sides”. (No. (>4.) 

Savvaguchi gives the following dircstions: 

'Take the 'Celestial element’ to he the first side. Square 
this and subtract the result from the stiuarc of the liypotenuse. 
The remainder is the square of the second side. Multiplying 
this by the stjuare of the first side, we have 4 times the square 
of the area, which will be called A. Ixt 4 times tlic .stjuare of the 
first side be called B. Arrange the sum, sipiare it, and multiply 
by 4. From the re.sult subtract A aiui Ih The square of the 
remainder is 4 times the product of A and B, and this we 
shall call X. Arrange A, multijily by B, take 4 times the 
product, and subtract the tpiantity from X, thus obtaining an 
equation of the 8 th degree. This gives, evolved in the reverse 
method, the first side.” llie result for the two sides are then 
given as 5.76, and 1.68.* 

Sato’s problem No. 16 is as fcdlows: “There is a circle from 
within which a square is cut, the remaining j)ortion having an 
area of 47,6255. If the diameter of the circle is 7 more than 
the square root of a .side of tlie square, it is rc<iuired to find 
the diameter of the circle and the side of the sc|uarc.”3 Sawa- 
guchi looks upon the problem as “deranged”, since it has two 
solutions, vk, r/ — 9, and 7.8242133 .. . and — 

0.67932764... . He therefore changes the quantities as given in 

That is, when the signs of the coefftrients are changetl In the course 
of the operation. 

2 Expressed in modern symbols, let ■■^■ •the siuii, 7.23H4, M the hypo- 
tenuse, and .^--the first side. Then, by hli rule, [4/^ ■■ ■■ (/i^ ■ .*’4 jr^ — «4.ra]a 

1 6x4 (y|3i x^) O. 

3 I. e., f/* -—X* »«!47.6a55, and ti — l.v 7, 
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the problem, making the area 12.278, and the difference 4. He 
then considers the equation as before, viz., jTC — ^2 ^ 12.278, 
and d — V s ^4. Then d = 6 and ^ — 4, taking i tt to be 0.785 5. 

Sawaguchi next considers a problem from the Dokai-sho of 
Nozawa Teicho (1664), viz: “There is a rectangular piece of 
land 300 measures long and 132 measures wide. It is to be 
equally divided among 4 men as here shown, in such manner 



that three of the portions shall be squares. Required the di- 
mensions of the parts/’ 

Sato gives two solutions of this problem in his Kongenki^ as 
follows: 

1. Each of the square portions is 90 measures on a side; 
the fourth portion is 27 measures wide; and the roads are 
each 15 measures wide. 

2. Each of the square portions is 60 measures on a side; 
the fourth portion is 12 measures wide; and the roads are each 
60 measures wide. 

This solution of Sato’s leads Sawaguchi to dilate upon the 
subtle nature of mathematics that permits of more than one 
solution to a problem that is apparently simple. 

Of the hundred and fifty problems in Sato’s work Sawa- 
guchi says that he leaves some sixteen unsolved because they 
relate to the circle. He announces, however, that it is his in- 
tention to consider problems of this nature orally with his 
pupils, and he gives without explanation the value of tt as 
3-M2. 

Two of the sixteen unsolved problems are as follows: — 
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^'The area of a sector of a circle is 41.3112, the radiu 
8.5, and the altitude of the segment cut off by a chord i 
Required to find the chord.*’ (No. 34.) 

^'From a segment of a circle a circle is cut out, leaving 
remaining area 97.27632. The chord is 24, and the two p 



of the altitude, after the circle cuts out a portion as showi 
the figure, are each 1.8. Required the diameter of the si 
circle.” 

The seventh and last book of Sawaguchi^s work consisti 
fifteen new problems, all of which were solved four years 1; 
by Seki, who states that one of them leads to an equatior 
the 1458th degree. This equation was substantially sol 
twenty years later by Miyagi Seiko of Kyoto, in his w 
entitled Wakan Sanipo. 


CHAPTER VI. 


Seki Kowa. 

In the third month according to the lunar calendar, in the 
year 1642 of our era, a son was born to Uchiyama Shichibei, 
a member of the samurai class living at Fujioka in the pro- 
vince of Kozuke.’^ While still in his infancy this child, a 
younger son of his parents, was adopted into another noble 
family, that of Seki Gorozayemon, and hence there was given 
to him the name of Seki by which he is commonly known to 
the world. Seki Shinsuke K 5 wa^ was born in the same year^ 
in which Galileo died, and at a time of great activity in the 
mathematical world both of the East and the West. And just 
as Newton, in considering the labors of such of his immediate 
predecessors as Kepler, Cavalieri, Descartes, Fermat, and Barrow, 
was able to say that he had stood upon the shoulders of giants, 
so Seki came at an auspicious time for a great mathematical 
advance in Japan, with the labors of Yoshida, Imamura, Iso- 
mura, Muramatsu, and Sawaguchi upon which to build. The 
coincidence of birth seems all the more significant because of 
the possible similarity of achievement, Newton having invented 
the calculus of fluxions in the West, while Seki possibly 
invented the yenri or circle principle in the East, each 


1 Not far from Yedo, the Shogun’s capital, the present Tokyo. 

2 Or Takakazu. On the life of Seki see Mikami, Y., Seki and Skibukawa, 
Jahresbericht der Deutscheji Mathemaiiker-Vereinigung, Vol. XVII, p. 187; 
Endo, Book II, p. 40; Ozawa, Lineage of Mathematicians (in Japanese); 
Hayashi, History^ part I, p. 43, and the memorial volume (in Japanese) issued 
on the two-hundredth anniversary of Seki’s death, 1908. 

3 C. Kawakita, in an article in the Honcho Sugaktc Kdenshii, says that 
some believe Seki to have been bom in 1637. 
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designed to accomplish much the same purpose, and eac 
destined to material improvement in later generations. Th 
yenri is not any too well known and it is somewhat difficu 
to judge of its comparative value, Japanese scholars themselvc 
being undecided as to the relative merits of this form of ti 
calculus and that given to the world by Newton and Leibnitz 

Seki’s great abilities showed themselves at an early ag 
The story goes that when he was only five he pointed oi 
the errors of his elders in certain calculations which were bein 
discussed in his presence, and that the people so marveled : 
his attainments that they gave him the title of divine child 

Another story relates that when he was but nine years < 
age, Seki one time saw a servant studying the Jinko-ki < 
Yoshida. And when the servant was perplexed over a certa 
problem, Seki volunteered to help him, and easily showed hii 
the proper solution. 3 This second story varies with the narrate 
Kamizawa Teikan^ telling us that the servant first intereste 
the youthful Seki in the arithmetic of the Jinkd-ki^ and the 
taught him his first mathematics. Others 5 say that Se 
learned mathematics from the great teacher Takahara Kissl 
who, it will be remembered, had sat at the feet of Mori < 
one of his san-skz, although this belief is not generally hel 
Most writers^ agree that he was self-made and self-educate 

1 Thus Endo feels that the yenri was quite equal to the calculus {Hisio? 
Book III, p. 203). See also Hayashi, History, part I, p. 44, and the Hone 
Siigaku Hdens/ii/f pp. 33 — 36. Opposed to this idea is Professor R. Fujisa'V 
of the University of Tokyo who asserts that the yenri resembles the Chine 
methods and is much inferior to the calculus. The question will be mo 
fully considered in a later chapter. 

2 Kamizawa Teika:^ (1710 — 1795), Okinagusa, Book VIIL Kamiza'v 
lived at Kyoto. This title was also placed upon the monument to Seki erect 
in Tokyo in 1 794. 

3 Kuichi Sanjin, in the Sugaku Hochi, No. 55. 

4 Okinagusa^ Book VIII. 

5 See Fukuda’s Sanipo Tamaiebako, 1879; Endo, Book II, p, 40; Hayas 
in the HonQhd Sugaku Koenshu, 1908. 

6 Fujita Sadasuke in the preface to his Seiyd Sampo, 1779; Ozawa Sei 
in his Lineage of MathemeUicians (in Japanese), 1801; the anonymous mar 
script entitled Sanka Keizu, 
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his works showing no apparent influence of other teachers, but 
on the contrary displaying an originality that may well have 
led him to instruct himself from his youth up. ^ Whatever 
may have been his early training Seki must have progressed 
very rapidly, for he early acquired a library of the standard 
Japanese and Chinese works on mathematics, and learned, 
apparently from the Suan-ksiao Chi-mhig,^ the method of 
solving the numerical higher equation. And with this progress 
in learning came a popular appreciation that soon surrounded 
him with pupils and that gave to him the title of The Arith- 
metical Sage. 2 In due time he, as a descendent of the samzirai 
class, served in public capacity, his office being that of ex- 
aminer of accounts to the Lord of Koshu, just as Newton 
became master of the mint under Queen Anne. When his 
lord became heir to the Shogun, Seki became a Shogunate 
samurai, and in 1704 was given a position of honor as master 
of ceremonies in the Shogun’s household. ^ He died on the 
24th day of the loth month in the year 1708, at the age of 
sixty-six, leaving no descendents of his own blood .-5 He was 
buried in a Buddhist cemetery, the Jorinji, at Ushigome in 
Yedo (Tokyo), where eighty years later his tomb was rebuilt, 
as the inscription tell us, by mathematicians of his school. 

Several stories are told of Seki, some of which throw interest- 
ing sides lights upon his character.^ One of these relates that 
he one time journeyed from Yedo to Kofu, a city in Koshu, 
or the Province of Kai, on a mission from his lord. Traveling 
in a palanquin he amused himself by noting the directions and 

1 The fact that the long epitaph upon his tomb makes no mention of 
any teacher points to the same conclusion. 

2 In the Okinagusa of Kamizawa this is given as the Sangaku Gomo, but in 
an anonymous manuscript entitled the Sanwa Zuihiisu the Chinese classic is 
specially given on the authority of one Saito in his Burin Jnken Roku, 

3 In Japanese, Sansei. This title was also carved upon his tomb. 

4 Kamizawa, Okinagusa, Book VIII; Kuichi Sanjin in the Siigaku Hochi, 
No. 55; End 5 , Book II, p. 40. 

5 His heir was Shinshichi, or ShinshichirO, a nephew. Endo, Book II, 
p. 81. 

6 Kamizawa, Okinagusa, Book VIII. 


pressions’ and alMhlt^thf elevations and de- 
region, jotting down tt tultr"^" the 

these notes he preparL I Zt ^rom 

carefully drawn that on his return to v 

greatly impressed with the oow^ to Yedo his master was 

traveled like a 

Another story relates hr.. I oT ^ ^ geographer. 

Lord of Koshu, once upon a the 

portions of a large piece of predo distribute equal 

naembers of his familv "R 4-^ i. wood among the 

the wood attempted the d”' official who was to cut 

his lord’s “-ting 

fore appealed to ffis broth f m there- 

advised him that no one could det*"^ ^ 
the precious wood save only Seta 
appealed to ‘The Arithmeticaf ste” and 

It IS also told of Seta thar vain.' 

the Emperor of China as a n ^ ^^”t from 

that the figure of a man to the Shogun, so arranged 

=ome y«ar;a dlL “.rl •“>”"■ ^”0 

figure would no longer strike^ deranged, so that the 

the most skilful artisans of the\nd bT^""" “ 

repair the clock, until Seki heard ^ to 

that he might iake *0^0^ 

>t to the Shogun successful^ ^ restored 

striking the hours. ^ repaired and again correctly 

and versatility of^ht^ man'^^^d^th'^^ showing the acumen 

have been sought t a p; 3 rof ^eS: 
examiner of accounts. “ ^ ^ responsibility as that of 

The nnnie of Selci liac 

a form of fhe calculus that wL Ta f "^'th the j>eun, 

~ P°^ ^‘hly invented by him, and 

on ;a?e%r^ based apoa the problem 05^::;;^:;::^ 

“ Kamizawa. Book vnL 
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that will be considered in Chapter VIII. It is with greater 
certainty that he is known for his tensan method, an algebraic 
system that improved upon the method of the ^'Celestial ele- 
ment’’ inherited from the Chinese; for the Yendtxn jiitsuj a 
scheme by which the treatment of equations and other branches 
of algebra is simpler than by the methods inherited from China 
and improved by such Japanese writers as Isomura and Sawa- 
guchi, and for his work in determinants that antedated what 
has heretofore been considered the first discovery, namely the 
investigations of Leibnitz. 

As to his works, it is said that he left hundreds of un- 
published manuscripts,^ but if this be true most of them are 
lost* lie also published the Hatsubi SampG in 1674.'^ In this 
he solved the fifteen problems given in Sawaguchi’s Kokim 
Sampd-ki of 1670, only the final equations being given. 

As to Seki’s real power, and as to the justice of ranking him 
with his great contemporaries of the West, there is much doubt. 
He certainly improved the methods used in algebra, but we 
are not at all sure that his name is properly connected witli 
the yenri. 

For this reason, and because of his fame, it has been thought 
best to enter more fully into his work than into that of any 
of his predecessors, so that the reader may have before him 
the material for independent judgment 

First it is proposed to set forth a few of the problems tluit 
were set by Sawaguchi, with Seki’s equations and with one of 
Takebe’s solutions. 

1 Endo, Book n, p. 41. 

2 For further particulars see Endo, loc. cit, and the Seki memorial volume 
[Seki-ryu Shichibusho, or Seven Books on Mathematics of the Seki School) 
published in Tokyo in 1908. 

3 This is the work mentioned by Professor Ilayashi as the Ihikki 
of Mitaki and Mie (Miye). 

4 In 1685 one of Seki’s pupils, Takebe Kenkb, published a work entitled 
Hatsubi Sampo Ymdan Genkah or the ♦‘Full explanations of the IhisM Sampby 
in which the problems are explained. He states that the blocks for printing 
the work were burned in x68o and that he had attempted to make good 

their loss. 
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Sawaguchrs first problem is as follows: 'fin a circle thre( 
other circles are inscribed as here shown, the remaining are. 
being 120 square units. The common diameter of the tw< 
smallest circles is 5 units less than the diameter of the on( 
that is next in size. Required to compute the diameters o 
the various circles.” 



Seki solves the problem as follows: "Arrange the 'celestia 
element’, taking it as the diameter of the smallest circles. Adi 
to this the given quantity and the result is the diameter of th 
middle circle. Square this and call the result A. 

"Take twice the square of the diameter of the smalles 
circles and add this to A, multiplying the sum by the momer 
of the circumference.' Call this product B. 

"Multiply 4 times the remaining area by the moment c 
diameter. ® 

"This being added to B the result is the product of th 
square of the diameter of the largest circle multiplied by th 
moment of circumference. This is called C.^ 


* By the ‘‘moment of the circumference’’ is meant the numerator of tl 

fractional value of “ir. This is 22 in case tt is taken as — . 

7 

2 “Moment of diameter” means the denominator of the fractional vali 
of TT. In the case of this is 7. That is, we have 7X120. 

3 Thus far the solution is as follows : Let x — the diameter of the smalle 
circle, andj/ = the diameter of the largest circle. Then ^ + 5 is the diamet( 
of the so-called “middle circle.” 
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“Take the diameter of the smallest circle and multiply it by 
A and by the moment of the circumference. Call the result D. 

“From four times the diameter of the middle circle take the 
diameter of the smallest circle, and from C times this product 
take D. The square of the remainder is the product of the 
square of the sum of four times the diameter of the middle 
circle and twice the diameter of the smallest circle, the square 
of the diameter of the middle circle, the square of the moment 
of circumference, and the square of the diameter of the largest 
circle. Call this X.^ 

“The sum of four times the diameter of the middle circle 
and twice the diameter of the smallest circle being squared, 
multiply it by A and by C and by the moment of circum- 
ference. ^ This quantity being canceled with X we get an 
equation of the 6th degree.^ Finding the root of this equation 
according to the reversed orders we have the diameter of the 
smallest circle. 

“Reasoning from this value the diameters of the other circles 
are obtained.” 


Then + ioa; + 25 = ^, 

22 {'ix^ lox — B, 

and 7. 4-120 + .^==^ = 22y^, where it — y . 

That the formula for C is correct is seen by substituting for 120 the 
difference in the areas as stated. We then have 

7 . 4 . 22 ^ _ C 

7 1 4 4 4 / ' 

or 22 (j/2 — — ioa: — 25 — 2x2 10 AT -j- 25) = C, 

or 22y^=Cf which is, as stated in the rule, “the product of the square of 
the diameter of the largest circle multiplied by the moment of circumference.” 
I 1. e., 22 a:(a:2 + ioa; + 25) = Z>. 

^ I. e., {C [4 (^ + 5) - x] - = X 

3 I. e., 22 * 22y2 {x + 5)2 [4 (a: ^ 5) -|- 2 a-] 2. This is merely the second 
part of the preceding paragraph stated differently. 

4 I. e., JiT = 22* (3 xy 2 5 ^2 — ^2)*, and this quantity equals 
222^2 fx -f- 5)2 (dAT -f- 20)2. Their difference is a sextic. 

5 As explained on page 53. 
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It may add to an appreciation or an understanding of the 
mathematics of this period if we add Takebe s analysis. 

Let X be the diameter of the largest circle, y that of the 
middle circle, and z that of the smallest circles.* 



Then let AC=a, AD^b, AB~-c, and BC^d, these 
being auxiliary unknowns at the present time. 

Then 

2a ^ — z Xy 

and 

^z^ — 2ZX 

or 

4 = — 2 zx- 4 - 

Therefore 

4<^2^ — ^zx-^x"^, (i) 


I Takebe of course expresses these quantities in Chinese characters. The 
coefficients are represented by him in the usual sangi form, where [x, 
and \\xy stand respectively for x, — j/, and 2xj/. This notation is called 
the or side-notation and is mentioned later in this work. Expressions 
contdning an unknown are arranged vertically, and other polynomials are 
arranged horizontally. Thus for x, — a -j-’X, — 2 ax -f- we have 

0 \ 

1 I 


respectively, while for 2 ab we have 
\a^ \\ab \b^ 

with Chinese characters in place of these letters. 



If we take y from ;ir we have — y + ;ir, which is 2 c. 


Squaring. 


4 = j/2 — 2yx + x^' 


( 2 ) 


To y add z and we have 

2 d ^y + z. 

Squaring, 

4^2 ^y 2 4. 2 yz + z^. 

Subtracting we have 

4 + cY = j/* + 2yz, 

Subtract from this (l) and (2) and we have 
dx 8 c^ 2 yz + ( 2 z -f 2 y) x— 2 x\ 

Dividing by 2, 

dx4c ^yz + (z 4 - y) x—x^- 

Squaring, 

. d^x i 6 c^^y^z^ + (2y^z + 2yz^) x 4 - (y -h zY ^ 

— ( 2 y 4- 2 z) x^ + (3) 

Multiplying (i) by (2) we also have 
i^x i 6 c^ *= — 2 y^zx + (y^ + 4 yz)x^ — (27 + 2 z) x^ + 
hich being canceled with the expression in (3) gives 
y^z'^ + (4y''z + 2 yz*)x + ( — 4 J^^ + .3**).^““ o, 
om which, by canceling z, 

y^z + (47* + 27^)^ + ( — 47 + z)x^ «* O. 

This may be written in the form 

y^z 4- {x^z — 4;t'’'*7) + (4j^* + 27 x?)Ar‘— 0 . 

Takebe has now eliminated his auxiliary unknowns, and he 
irects that the quantity in the first parenthesis be squared 
nd canceled with the square of the rest of the expression,* 


1 And noting that ^2— (^ ) a?2E=(// 4-^)2. 

2 This amounts to equating x'^^z — 4 .x^y to — [j/ss 4- (4^* 4- 2 x], and 

len squaring and canceling out like terms. 

7 * 
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and that the rest of the steps be followed as in Seki’s solutioi 
In this he expresses y and z in terms of ;tr and given quantitie 
and thus finds an equation of the sixth degree in x. Withoi 
attempting to carry out his suggestions, enough has been give 
to show his ingenuity in elimination. 

The 1 2th problem proposed by Sawaguchi is as follows: 

There is a triangle in which three lines, b, and c\ ar 
drawn as shown in the figure. It is given that 

^ 4 , ^ = 6 , 1 . 447 , 

that the sum of the cubes of the greatest and smallest side: 
is 637, and that the sum of the cubes of the other side anc 
of the greatest side is 855. Required to find the lengths o 
the sides. 



Seki solves this problem by the use of an equation of the 
54 th degree. 

The 14th problem is of somewhat the same character. It 
is as follows: 

There is a quadrilateral whose sides and diagonals are re- 
presented by u, V, w, X, y, and z, as shown in the figure. 



V 
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It is given that 

^3 — 21^ = 271 

2 i 3 — 2/3 2 1 7 

^3 J/ 3 = 60.8 

j ^/3 — -ze/3 z= 326.2 
^ 61. 

Required to find the values of 2/, v, w, x, y, and 

Seki does not state the equation that is to be solved, but 
he says: 

“To find 2 we have to solve by the reversed method an 
equation of the I4s8th degree. But since the analysis is very 
complicated and cannot be stated in a simple manner we omit 
it, merely hinting at the solution. 

“Take the ^celestial element’ for .sr, from which the expressions 
of the cubes of 22, v, x^ and y may be derived. 

“Then eliminate the analysis leading to an equation of 
the 1 8th degree. 

“Next eliminate leading to an equation of the 54th degree. 

“Next eliminate jj/ 3 ^ leading to an equation of the i62d degree. 

“Next eliminate leading to an equation of the 486th degree. 

“Now by eliminating two equal expressions result from 
which the final equation of the 1458 th degree is obtained. 
Solving this equation by the reversed method we obtain the 
value of z. This method^ of analysis leads us to the result 
step by step and may serve as an example of the method of 
attacking difficult problems.” 

Sekfs explanation is, as he states, very obscure. Undoubt- 
edly he explained the work orally to his pupils, with the sa?igi 
at hand. As the matter stands in his statement it would appear 
that he had five equations with six unknowns and that he had 


1 This is exactly as in the original, except that symbols replace the words. 
With merely these equations it is indeterminate. Takebe adds another 
equation, ;s2 ^ 2^2 — ^2 = 2.25-, where s is the projection of u upon z, 

2 Essentially the method of constructing the equation. 
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not made use of the geometric relations involved, so that w 
are left to conjecture what particular equations he may hav 
employed. 

Although the explanations given by Seki, as shown in th 
few examples quoted, are manifestly incomplete and obscun 
they are nevertheless noteworthy as marking a step in mathe 
matical analysis. His predecessors had been content to stat 
mere rules for attaining their results, as were also many o 
the early European algebraists. Leonardo of Pisa, for example 
solves a numerical cubic equation to a remarkable degree o 
approximation, but we have not the slightest idea of his method 
Even in the sixteenth century the Italian and German algebraist 
were content to use the Latin expression “Fac ita”.* Seki, how 
ever, paid special attention to the analysis of his problems, and t( 
this his great success as a teacher was largely due. His methoc 
of procedure was known as the yendan jutsuy yendan meaning ex 
planation or expositon, and jutsu meaning process,^ a methoc 
in which the explanation was carried along with the manipulating 
of the sangi in the 'Celestial Element’' calculation of the Chi 
nese. When a problem arises in which two or more unknowni 
appear there are, in general, two or more expressions involving 
these unknowns. These expressions Seki was wont to writ< 
upon paper, and then to simplify the relations between then 
until he reached an equation that was as elementary in forn 
as possible. This was in opposition to the earlier plan o 
stating the equation at once without any intimation of the 
method by which it was derived. Moreover it led the pupi 
to consider at every step the process of simplifying the work 
thus reducing as far as possible the degree of the equatior 
which was finally to be solved. 3 Seki's pupil, Takebe, speaks 
enthusiastically of his master’s clearness of analysis, in these 


^ In early German, ihu ihm also, 

2 We might translate the expression by the single word analysis. 

3 Endo calls attention to the fact that the yendan jutsu may be looked 
upon as the repeated application of the tengen jutsu mentioned on p. 48, 
See his Biography of Seki (in Japanese) in the Tdyd Gaku-gei Zasshi, vol. 14, 
P- 313* 


Drds:"^ 'In fact this yendmi is a process that was never set 
rth in China with the same clearness as in Japan. It is one 
the brilliant products of my master’s school and it must 
j agreed that it surpasses all other mathematical achieve- 
ents, ancient or modern.” 

These words seem to be those of an enthusiastic disciple 
ther than a simple chronicler of fact, since from the evidence 
at is before us the yendan was merely a common-sense form 
analysis such as any mathematician or teacher might employ, 
:hough we must admit that his predecessors had not made 
y use of it 

Takebe is not content, however, to let Seki’s fame as a 
icher rest here, and so he hints at another and rather 
oteric theory, as one of the initiates of the Pythagorean 
otherhood might have given mysterious reference to some 
refully concealed principle of the great master. 

"Although”, he says, "there is yet another divine method that 
more far-reaching, still I shall not attempt to explain it, for 
ir that one whose knowledge is so limited as mine would 
id to misrepresent its significance,” — a tribute, probably, 
the tenzan method, Seki’s improvement upon that of the 
elestial Element’\ ^ Takebe’s reticence in speaking of it may 
irely have reflected the modesty of Seki himself, for of this 
)desty we are well assured by divers writers. To boast of 
:h an invention would have been entirely foreign to the 
murai spirit of Seki and to the exalted principles of Jhishido. 
i the other hand, this custom of secrecy had existed every- 
lere before Seki’s time, as witness the attitude of Tartaglia 
d Cardan, and even of a man like Galileo. In Japan, Mdri 
said to have kept a secret book that was revealed only to 
most deserving pupils, and Isomura also had one, liis 

^ Takebe, Ilatsubi Sampo Yendan Genkai^ 1685, preface. 

« Tenzan has a broader meaning that may here be understood. It includes 
ctically all of Japanese mathematics except possibly In a restricted 

se it is written mathematics, but it sometimes includes the **Celestial 
menf' method, 
i See the Sanwa Ziiihiisn. 
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book treating of the calculations relating to a circle and an 
arc.^ Seki was so impressed with his discovery that he re- 
vealed it to his most promising followers only upon their 
swearing, with their own blood, never to make it public. And 
so, for more than half a century after Seki’s death the secret 
remained, not becoming known to the world until Arima Raido, 
feudal lord^ of Kurume, in the island of Kyushu, revealed it 
in his Shuki Sampo^ in 1769. 

This method was called by Seki the kigen seiliD, meaning a 
method for revealing the true and buried origin of things. The 
term suggests the title of the papyrus of Ahmes, written in 
Egypt more than three thousand years earlier, 'The science 
of dark things.” It would be interesting to know the origin 
and history of this name for algebra or certain algebraic pro- 
cesses, since it is found in various parts of the world and in 
various ages. The tenzan method being the one to which 
Takebe seems to have referred in his work of 1685, we are 
quite certain that it was invented some time before this date .4 
It is first called by this name by Matsunaga Rybhitsu. It 
is related that Lord Naito of Nobeoka, in Kyushu, himself no 
mean mathematician, was the one who caused the adoption 
of the name, requiring Matsunaga, a pupil of Araki who was 
a direct disciple of Seki, to write the Hdrd- Yosau in which it 
appears. 5 

The word tenzan consists of two Chinese ideograms, ten 
meaning to restore, and zan meaning to strike off. It would 
be most interesting if we could know the relation (if any] 
between this term and the name given by Mohammed ibn 
Musa al-Khowarazmi (c. 830) to his algebra,— w'^al- 
muqabalay which words mean substantially the same thing, — 


I Ibid, 
a DaimyO. 

3 It was in this book that the value of u to fifty decimal places was firsi 
printed in Japan, an approximation already reached by Matsunaga. 

4 End 5 , in the Tdyo Gaku-gei Zasski, vol. 14, p. 314. 

5 Ozawa’s Lineage of Mathematicians (Japanese), 1801. The Hord-Yosan ii 
a manuscript without date. 


VI. SekiKowa. 


105 


restoration and reduction.^ Does this resemblance tell of the 
passing of the mystery of ‘'the science of dark things’" from 
one school to another in the perpetual interchange of thought 
in the world’s great republic of scholars, or are these re- 
semblances that are continually met in the history of mathe- 
matics mere coincidences? This method may, however, 
justly be called a purely Japanese product, the product of Seki’s 
brain, and quite unrelated to any Chinese treatment.^ 

We shall now speak of the notation employed in this method. 
This notation is the bosho shiki already mentioned. In earlier 
times it had been the habit of Japanese mathematicians to re- 
present numbers by the sangi method described in Chapter IV 
and known as the chu-shikL'^ Seki amplifies this by writing 
the numerals at the side of a vertical line, the significance of 
which will be explained in a moment. Since these numerals 
were written at the side of a line this method of writing them 
is known as bosho shiki or “side notation”. In our explanation 
we necessarly use Latin letters and Hindu-Arabic forms instead 
of the Chinese ideograms, but otherwise the representations 

are substantially correct. Seki writes — , and — as follows: 

3|2, n\ or n\\^ m 7 i\abc, the numerators being placed on the 
right and the denominators on the left Sometimes the vertical 
line is replaced by sangi coefficients, as in the case of 

r\\n, 2 /=mHa^e, for 4 ab, and 

Powers of quantities are represented thus: 


a 

ab 

iSd 

1 r k 

3 

■ 57 

3 

715 


for <2^, ^a^b^j ' exponent in 

each case is one less than that used in occidental mathematics. 

1 The varied fortunes of the name for algebra, in Europe, is interesting. 
Thus we have such titles as algiebr, algobra, mukabel^ almucable^ arte maggiore, 
ars magna, coss, cossic art, and so on. 

2 Endo, Book II, p. 8. 

3 Sangi notation. 
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The reason is that in the wasan as in Chinese mathematic 
the »th power of a quantity is called the “(n— i) times sell 
multiplied”. That is, the native oriental exponent shows nc 
the number of factors but the number of times a quantity i 
multiplied by itself. The fractional exponent was not used i: 
the native algebra of Japan. 

The “side notation” was also used in other ways. Thus a + 
might be indicated in either of the ways here shown. 

1“ or \a\d 

To indicate subtraction an oblique cancelation line was usee 
Thus b — a was indicated in these four ways: 

i‘. +»i* 

It will be noticed that this tenzan notation was employed i: 
Seki’s yendan method. Indeed the tenzan may be considered 
as the notation, while the yendan refers to the method of anal 
ysis. It is difficult to justify the extravagant praise of th 
disciples of Seki with respect to either of these phases of hi 
work. He must have been very clear in his own analysis witl 
his. pupils, and this gave them a higher appreciation of th 
yendan than anything that has come down to us would warrani 
And as for the notation, while this is an improvement upo] 
that of the Chinese, the improvement does not seem to hav 
been so great as to warrant the praise which it has provokec 
It was applied to the entire range of Japanese mathematic 
except the yeyiri or circle principle,^ but we know that th 
Chinese notation would have been quite sufficient for the worl 
to be accomplished. In its application to factoring, the finding 
of highest common factor and the lowest common multipk 
the summation of infinite series and of power series of the typ 
2'^ + 3^* + . . ., the shdsa-hd or method of differences, th 
theory of numbers, the tefsu-jutsu or expansion in series o 
the root of a quadratic equation, the calculation relating t< 


I See Arima’s Shuki Sampo, 1769; Endo, Book 11 , pp. 4, 5, and in th 
Toyo Gaku-gei Zasski, vol. 14, pp. 362 — 364. 


alar polygons, and the study of maxima and minima, the 
mi notation seems to have served its purposes fairly well, 
:er indeed than any notation known in Japan up to that 
i. How much of this application to the various branches 
ilgebra was due to Seki and how much to his disciples, 
shall never know. The old Pythagorean idea of ipse dixit 
ns to have prevailed in Seki's school, and the master ma)- 
n have received credit for what the pupil did. 
hus far, indeed, we have not found much in the way of 
overy to justify the high standing of Seki. It is therefore 
to consider some of the more serious contributions attri- 
jd to him. P'or this purpose we shall go to a work published 
Dtaka Yusho in 1712, although compiled before 1709, that 
lOon after Seki’s death. Otaka was a pupil of Araki Son- 
who had learned from Seki himself, and the book claims 
De a posthumous publication of the works of this master, 
ed by Otaka under Arakfs guidance. Although this work, 
wn as the Katsiiyd SampDp does not contain the teman 
em, it gives a good idea of some of Seki’s other work, and 
diis account the publication was a subject of deep regret 
the brotherhood of his followers. Tradition says that it 
owing to the protests of these followers that no further 
lication of Seki’s works was undertaken at a time when an 
adance of material was at hand. 

>ne of the subjects treated in the Katsiiyu Sanipo is the 
'adid or shdsa method, a theory that seems to have arisen 
1 the study of problems like the summation of F -p 2^* + 3"^ 

. . Suppose, for example, we have such a function as 
P ^ a^x ... 

re the coefficients are as yet undetermined. Then if a 
cient number of values Pi are known for various values of 
he various values m can be determined, and this is one of 
problems of the shosa-hd. Professor Hayashi speaks of 
method in general as that of finite differences, and this 
ainly is one of its distinguishing features. 

‘*A summary of arithmetical rules.” 
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This shdsa~kd in its general form is not an invention of Seki’s 
It appears to be of Chinese origin, perhaps invented by Ku( 
Shou-ching, a celebrated astronomer of the court of the Mogu 
Empire of the 13th and 14th centuries, and possibly even o 
earlier origin. There are three special forms, however: (i) th( 
ruisai sIiDsa of which an illustration has just been given; (2) th( 
hotei shosa, and (3) the konton shosa, these latter two bein^ 
first described in the Shuki Sampo of 1769. Seki’s contributioi 
was, therefore, a worthy generalization of an older Chines( 
device, and the application of this improvement to new problems 
The shosa-hd was doubtless employed by Otaka in hi; 
Katsuyd Sampo (1712), in which there appears a table tha 
expresses the formulas for the power series 

5 ^=- i ^+ 2 ^ + 3 ^ + ... + n\ 

for r = I, 2, 3, .... N, Such power series were called b) 
the name hoda, and some of the results of their summatioi 
are as follows: 

5, = (w» + n\ 

S 2 ~ (2n^ n)j 

S '3 = (n^ + 271^ 4 - 7t^), 

54 = — ( 6 nS -\‘ 15^44. — 

^5 ^ + 5 

and so on to 

127 z ^'^ 4 22?^^°— 33^2^4 442^^ — 33^2^ 4 lOn ^). 

In Book III of this same work, the Katsuyd Sampd, there i 
his Kakuhd Tiarabini YeTiduTt-Zu, a treatment of the subject o 
regular polygons, namely of those of sides numbering 3, 4, . . . 2C 
To illustrate some of the results we shall consider the cas^ 
of the apothem of a regular polygon of thirteen sides. 
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Using the annexed figure, as given in the Katsuyo Sampo 
(see Fig. 28 for the original), and letting the side of the 



polygon be unity, the apothem Xy and the radius 7, we have 


Now 


I* + = 47^ 


(I •+• 4;r'')3 == I + 12 + 4Sx^ + 64 ^ 1 '^ =* 4og6xaifcdey 

a statement made without any explanation. Otaka now pro- 
ceeds by a series of unproved statements to develop two 
equations,- viz.. 


I -f 3 — 1 14,400 + 109,824;!;^ — 329,472 x ^ + 292,864 x ^^ 
— 53,248 ;ir"*-=0, 

from which we are to find x, the apothem, and 


— I 4-137® — 657^4- 1567^— 1827^4-917'°— 137^®== o. 


from which we are to find 7, the radius. 

The treatment of the circle is given in Book IV of the 
Katsuyd Sampd and is similar to that attempted by Muramatsu 
in his Sanso of 1663. A circle of unit diameter is taken, a 
square is inscribed, and the sides of the inscribed regular polygon 
are continually doubled until a polygon of 2^7 sides is reached. 


no 
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e treatment thus far is not at all original, but the work is 
ried farther than in Muramatsu's treatise and it represents 
>ut the same state of mathematical progress that was found 
Europe some fifty years earlier than Muramatsu, or about a 
itury before the death of Seki. Two new features, however, 
)ear. Of these the first is that if the perimeters of the last 
se polygons are 


<2=3. 14159 26487 76985 6708 — 
3=3. 14159 26523 86591 3571 + 

^ = 3.14159 26532 88992 7759 - 

{b—a)—(c—l>) 

= 3. 14159265359-, 


Lch reminds us of some of the incorrect assumptions of 
Antiphon-Bryson period, and of the close of the sixteenth 
tury in Europe. 

fhe second feature is, however, the interesting one. Starting 
ti the fraction y? if increase the denominator succes- 

ily by unity, and then increase the numerator successively 
4 or by 3 according as the previous fraction is less or 
ater than the known decimal value of it, we shall obtain a 
es of values as follows: 


[) = 3, “Old value,” 

0 i = 3-5, 

0 3 = 3-33 • • •, 

Q 13 _ 3 25 , 

;) f «= 3 - 2 , 

>) "^ -=3-166 . . ., 

22 

0 y = 3-142857 .. “Exact value,” 


less than tt 
greater than n 


•»» >» n 


5 » n 


n n V 


»> n 
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(g) ?i « 3.125, ''Chill’s value,” less than u 

(20) ■=■ 3.15, “T’ung Ling’s value," greater than n 

(25) ^^ = 3.16, “Old Japanese value,’’ „ „ 

(45) 3.155 “Liu Chi’s value,” „ „ „ 

(50) == 3 - 14 . “Hui’s (Liu Ilui’s) value,” less than rr 

(113) ^“ = 3.14159292 . . greater than TT 

The names above quoted are given by Otaka, and are 
probably those used by Seki. The last value, is not as- 
signed a name, which seems to show that Seki was not aware 
of Tsu Ch’ung-chih’s measurement of the circle as set forth 
in his Chui-shu, and recorded in 'Wei Chill’s Sui-S/tu.^ The 
value itself first appears in printed form in Japan in the works 
of Ikeda Shoi (1672), Matsuda Seisoku (1680) and Takebe 
Kenko (1683). 

The problem of computing the length of a circular arc also 
appears in the KatsuyO Sampo, the formula being given as 
1276900 {d—hYa*~- 51076001/^// 238354 1 3 

-1- 43470240 r/'* 37997429 di 

1 5047062 d^ //S -- 1 501025 d/p 
—28 1 290// 7, 

where d == diameter, /i ■— height of segment, and a ==■ length 
of arc. In the special case where r/ ->» 10 and /i 2 this 
reduces to 

41841459200 rt’ -» 3597849073280. 

The method’ of deriving this formula .seems to have been 
purely inductive, the result of repeated measurements, since the 
explanation is so obscure as to be entirely unintelligible. 

^ Records of the Sui Dynasty.” This fact was known, however, to 
Takebe, who mentions it in his Ftdyu Ti/saplm of 1722. It is also given 
in Matsunaga’s IByen Sankyd of 1739. See also p. 14, above. The original 
Chui-shu of Tsu Ch*ung-chih has been lost 

2 Perhaps relates to the shdsa method in a modified form. 
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The volume of the sphere is computed in the Katsuyo Sanipo 
(and also in Seki’s Ritsuyen-ritsu-Kai) in an ingenious manner. 
The sphere is cut into 50, lOO, and 200 segments of equal 
altitude, the diameter being taken as 10. From this Otaka obtains 
in some way the three parameters 666.4, 666.6, 666.65, each 
of which he multiplies by ^ to obtain the three volumes. Calling 
the parameters a, b, and c, he now takes a mean in this manner: 


h j- 

Ib-a) — {c-b) 


666 


2 

7' 


as in the case of the circle. Multiplying by 


IT 


355 

4x113 


, we have 


666-- X = 523 

4XH3 


. 3 

'339 


355 

678 


X 1000 


for the required volume. This amounts to taking for 
-j, which means that the formula is correctly used. 

One of Seki’s favorite studies was the theory of equations, 
a subject treated in his works on the Kaiho Hofnpeft,’^ the 
Byodai Meichip the Daijiitsu Bengi^, the KailiO Safishiki"^ and 
the Kaifw Hengi-jutsic,^ In the first of these works he class- 
ifies equations into four kinds, the je?isho shiki (perfect equa- 
tions), henslw shiki (varied equations), kosJw shiki (mixed equa- 
tions), and the mushu shiki (rootless equations), a system not 
unlike those found in the works of the Persian and Arabian 
writers, the classification according to degree being relatively 
modern even in Europe. By a perfect equation he means 
one that has only a single root, positive or negative. A varied 
equation is one in which several roots occur, but all of the 
same sign. A mixed equation is one in which several roots 


1 “Various topics about equations.” 

2 Literally, “On making pathological problems perfect.” 

3 Literally, “Discussion on the data of problems.” 

4 Literally, “Considerations on the solution of equations.” 

5 Litei’ally, “On new methods for the solution of equations.” 
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occur, but not all of the same sign. A rootless equation is 
one having neither a positive nor . a negative root, restricted 
as Seki was aware to equations of even degree.^ 

In the Kaikd Hompen^ Seki treats of positive and negative 
roots, and sets forth a method called the tekizm-ho^ represent- 
ed by the following table: 


0 degree 

I 

I 

I 

I 

I 

I 

I 

I St. „ 


I 

2 

3 

4 

5 

6 

2d. ,, 



I 

3 

6 

10 

15 

3d. „ 




I 

4 

10 

20 

4th. „ 





I 

5 

IS 

Sth. „ 






I 

. 6 

6th. „ 







I 


The method of deriving this table, analogous to that for the 
Pascal Triangle, is evident. Indeed, the vertical columns are 
simply the horizontal ones of the usual triangular array. Seki 
does not tell how the numbers are obtained, and no explanation 
seems to have been given by any Japanese until Wada Nei 
gave one in the first half of the nineteenth century Such an 
array is rather obvious and was known long before Pascal or 
even Apianus (1527) published it .5 Seki might have used it, 
as others in the West had done, for binomial coefficients, but 
it was not meant by him for this purpose. 

In his Byudai Meichi Seki calls attention to the fact that 

1 I. e., in general. Of course we have also — 2, tti, etc., as 

well as = y — 2, etc., although Seki makes no mention of such forms, 
having apparently no conception of the imaginary root. 

2 The Kaiho-Houpen of Hayashi’s History, part I, p. 52. 

3 Literally, ‘‘Vanishing method," relating to maxima and minima. 

4 In connection with his theory of maxima and minima. 

5 Smith, D. E., Kara Arithmetica, Boston, 1908, p. 155. 
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the mensuration of the circle or of any regular polygon requires 
but a single given quantity; that of a rectangle or pyramid, 
two given quantities; and that of a trapezoid, three. He then 
designates as tendai (insufficient problems) those problems in 
which there are not enough data for a solution, while those 
having too many data are designated as handai (excessive 
problems). He also states that in certain problems, although 
the data are correct as to number, no perfect answer is to be 
expected, and these problems he calls kyodai (imaginary). They 
arise, he says, in three cases: (i) where there is no root, 
(2) where all roots are negative, and (3) where the roots of 
the equation do not satisfy the conditions of the original problem. 
To illustrate the latter case he uses a simple problem involving 
the elementary principle of geometric continuity. He proposes 
to find the greater base of a trapezoid of altitude 9, the 
difference between the bases being 4, and the smaller base 
being 10 less than the altitude. The problem is trivial, the 
smaller base being 9 — 10 or — i, and the greater being 4 — i 
or 3. The smaller base, — i, does not appear to Seki to 
satisfy a geometric problem, so he proceeds with considerable 
circumlocution to explain what is perfectly obvious, that the 
trapezoid is a cross quadrilateral. The question of possible 
roots of an equation is discussed at some length but in a 
very elementary manner. 

Problems leading to equations with two or more roots, or 
with negative roots, or with positive roots that do not satisfy 
the conditions of the problems, are called by Seki hendai or 
pathological problems, and were intended to be transformed 
into the ordinary determinate cases by a change in the wording* 

In his solution of numerical equations Seki not only used 
the “celestial element” plan by which the Chinese had anti- 
cipated Horner’s Method as early as 1247, but he effected at 
least one improvement on the Chinese plan,’^ unconsciously 
following a line laid down by Newton. 


1 This is seen in two manuscript works entitled Kdihd Sanshiki and 
Kaihd Hengi-jutsu. 
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For example, in the equation 

1 1 + 8;ir + •■= O, 

the ^'celestial element” method gives the first two figures c 
one root as — 1.7. Proceeding as usual in Horner’s Metho< 
we have an equation of the form 

0.29 -h 4.6;ir-h = O. 

Seki now takes ^^^ = 0.063, but unlike his predecessors h 

treats this as negative since the two coefficients are positive 
and proceeds as before, his next equation being of the forr 

0.004169 + 4.474:1^ + = 

Repeating the process we have for the continuation of th 
root — 0.0009318. Continuing the same process Seki obtain 
for the root —1.76393202250020. 

One of Seki’s Seven Books* is devoted to magic square 
and circles, a subject to which he may have been led by hi 
study (in 1661) of a Chinese work by Yang Hui. He con 
siders separately the magic squares with an odd number am 
an even number of cells, and with him begins the first scientific 
general treatment of the subject in Japan. He begins by puttin 
into obscure verse his rule for arranging a square of 3* celk 
It would have been impossible to make out the meaning ha^ 
Seki not given the square in a subsequent part of his mant 


4 

9 

2 

3 

5 

7 

8 

I 

6 


script. As here shown the square is the common one the 
was well known long before Seki’s time. Upon his metho 


I The Hdjin Yensan, [Hojin Ensan) revised in manuscript in 1683. Aral 
gave to these the name of “Seven Books’’ and these he hande 

down to his disciples. 
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for a square of 3^ cells he bases his general rule for one of 
(2n+ cells, and this is substantially as follows: 

Begin with the cell next to the left of the upper right-hand 
corner and number to the right and down the right-hand 


12 

II 

10 

5 

4 

I 

2 

47 






3 

44 






6 

43 






7 

42 






8 

41 






9 

48 

39 

40 

45 

46 

49 

38 


column until n is reached. In the annexed figure we have a 
square of 

{2n + 1)2 = (2 . 3 + 1)2 = 72 cells. 

We therefore number until 3 is reached. Then go to the left, 
from the cell to the left of i, until 2n — i (in this case 
2.3 — i=r5) is reached. Then continue down the right side 
to the cell preceding the lower right-hand one, giving 6, 7, 8, 9. 
Then continue along the top row until the upper left-hand 
corner is reached, giving 10, ii, 12. This leaves the left-hand 
column to be completed, and the lower row to be filled. This 
is done by filling all except the corner cells by the comple- 
ments to {2?i +1)2+1 of the respective numbers on the oppo- 
site side, — in this case the complements to the number 50. 
Thus, 50 — 3 =: 47, 50 — 6 = 44, and so on. The corner 
cells are complements to 50 of the opposite corners. 

The next step is to take n figures to the left of the upper 
right-hand corner and interchange them with the corre- 
sponding ones in the lower row, and similarly for the n figures 
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above the lower right hand corner. The square then ap] 
as here shown. 


12 

II 

10 

45 

46 

49 

2 

47 






3 

44 






6 

7 






43 

8 






42 

9 






41 

48 

39 

40 

5 

4 

I 

38 


To fill the inner cells Seki follows a similar rule, e? 
that the numbers now begin with 13. Without entering 
the exact details it will be easy for the reader to trac( 
plan by studying the result as here shown. The inner 
square of 3^ cells is filled by the method first given. 


12 

II 

10 

45 

46 

49 

2 

47 

20 

19 

35 

37 

14 

3 

44 

34 

24 

29 

22 

16 

6 

7 

17 

23 

25 

27 

33 

43 

8 

18 

28 

21 

26 

32 

42 

9 

36 

31 

15 

13 

30 

41 

48 

39 

40 

5 

4 

I 

38 


The even-celled squares have always proved more tr< 
some than the odd-celled ones. Seki first gives a rule 
square of 4* cells, with the result as here shown. He 
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divides these squares into those that are simply even and 
those that are doubly even.^ 


4 

9 

5 

16 

14 

7 

II 

2 

IS 

6 

10 

3 

I 

12 

8 

13 


For the simply even squares above 4^, Seki begins with the 
third cell to the left of the upper right-hand corner, preceding 
thence to the left, as shown in the figure. Then he goes back 
to the upper right-hand cell (for 5, in the case here shown) 
and proceeds down the right-hand column to the third cell 
from the bottom. He then fills the vacant cell at the top 
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I 
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31 





6 

30 





7 

29 





8 

27 





10 

32 

34 

35 

36 

28 

33 


(in this case with 9), and puts the next number (10) in the 
next cell in the right-hand column. The remaining cells in 
the left-hand column and the lower row are complements 
of the corresponding numbers with respect to 4 (^2 -i- i)* *+■ i, 
there being 2 {n+ i) elements on a side, as in the case of an 
odd-celled square. The interchange of elements is now made 
in a manner somewhat like that of the odd- celled square. 


I [2 (« + and [2 {2n)Y. 
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the result being here shown for the case of a square of 6* 
cells. The rest of the process is as in the odd- celled case. 
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For the doubly even magic square the first step of Seki’s 
method will be sufficiently understood by reference to the 
following figure, in which the number is 8*. The inner squares 
are filled in order until the one of 4® cells is reached, when 
that is filled in the manner first shown. 
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Seki simplified the treatment of magic circles, giving in sub- 
stance the following rule: 

Let the number of diameters be 71. Begin with i at the 
center and write the numbers in order on any radius, and so 
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on along the next 7i — i. Then take the radius opposite the 
last one and set the numbers down in order, beginning at the 
outside, and so on along the rest of the radii. In Fig. 29 the 
sum on any circle is 140, and for readers who have not be- 
come familiar with the Chinese numerals the following diagram, 
although arranged for only thirty three numbers, will be of service : 



In another of Seki’s manuscripts^ there appears the Josephus 
problem already mentioned in connection with Muramatsu. 

Mention should be made of Sekfs work on the mensuration 
of solids, which appears in two of his manuscripts.® He begins 

t Sandaisii Kempii {Kenpii). 

2 The Kyuseki (Calculation of Areas and Volumes) and the Kyukeisu 
Hengyd So (An incomplete treatise on the volume of a sphere). 
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by considering the volume of a ring' generated by the revolu- 
tion of a segment of a circle about a diameter parallel to the 
chord of the segment. He states that the volume is equal to 



the product of the cube of the chord and the moment of 
.spherical volume." 

He finds this volume by taking from the .siihere the central 


X He calls it an *%rc-rmg/* Man or A'flJhtftm in Japanese. 

2 That is, the volume of a unit sphere. Ii ii called by SekI the 
riLm or seki M, 
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cylinder and the two caps.^ He also considers the case in 
which the axis cuts the segment. 


w 

<t 


He likewise finds the volume generated by a lune formed 
by two arcs, the axis being parallel to the common chord, 
and either cutting the lune or lying wholly outside. Such 
work does not seem very difficult at present, but in Seki’s 
time it was an advance over anything known in Japan.* These 
problems were to Japan what those of Cavalieri were to Europe, 
making a way for the Katsujiitsu or method of multiple inte- 
gration 3 of a later period- 

Seki also concerned himself with indeterminate equations, 
beginning with ax — by = i, to be solved for integers.^ His 
first indeterminate problem is as follows: “There is a certain 
number of things of which it is only known that this number 
divided by 5 leaves a remainder i, and divided by 7 leaves a 
remainder 2. Required the number.” 



1 This is staled by an anonymous commentary known as the Kyiiketsu 
Hengyd So Genkai, 

2 Endo, Book II, p. 45. 

3 Or rather the method of repeated application of the tetsujuisu expansion. 
Some of the problems involved only a single integration. 

4 This appears in his Shiti Shoyahi no Ho, written in 1683. His method 
of attacking these problems he calls the senkan /utsu. Problems of this 
nature appeared in the Kwatsuyo Sariipo. 
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Since the number is evidently b and also yf + 2, 

we have 

5 ;tr+ I = 7 J/ + 2 , • 

whence S ^ ^ 

which is in the form that he is considering. By what he 
calls the “method of leaving unity”, he solves and finds that 
;tr==3, = and the number is i6. He then proceeds to 

generalize the case for any number of divisors.^ 

Seki also gives the following typical problem: 

“There is a certain number of things of which it is only 
known that this number multiplied by 35 and divided by 42 
leaves a remainder 35; and multiplied by 44 and divided by 
32 leaves a remainder 28; and multiplied by 45 and divided 
by 50 leaves a remainder 35. Required the number.” His 
result is 13 and it is obtained by a plan analogous to the 
one used in the first problem. His other indeterminate problems 
show a good deal of ingenuity in arranging the conditions, 
but it is not necessary to enter further into this field. 

One of the most marked proofs of Seki's genius is seen in 
his anticipation of the notion of determinants.® The school of 
Seki offered in succession five diplomas, representing various 
degrees of efficiency. The “diploma of the third class was 
called the Fukudai-menkyo, and represented eighteen or nineteen 
subjects. The last of these subjects related to the fukitdai 
problems or problems involving determinants, and since it 
appears in a revision of 1683,^ its discovery antedates this 
year. Leibnitz (1646 — 1716), to whom the Western world 
generally assigns the first idea of determinants^, simply asserted 


1 yd-ichi jutsu. He seems to have taken it from the Chinese method of 
Chin Chiu-shao as set forth in the Su^shu Chiu-chmig' of 1 247. 

2 T. Hayashi, The ‘^FukudaT* mid Feterfninanis in yapanese Maihemaiics, 
TskyS Sugahu-Buiurigakkwai Kizi^ vol. V (2), p. 254 (IQIO). 

3 The Fukudai-wo-kaisimc-hd or Kai-fitkudai-no-hd (Method of solving fukiuiai 
problems). 

4 T, Muir, Theory of Determinants in the historic order of its development, 
London, 1890; D. E. Smith, History of h^odern Mathematics. New York, 
1906, p. 26. 



:hat in order that the equations 

[O + 1 1 + 127 O, 20 -f 2 1 ;r + 22j^ «= O, 30 + 3 t ;r + 32/ = O 

nay have the same roots the expression 

[0.21 .32— 10.22.31— II .20.32+ 11.22.30 + 12.20.31— 12.21 .30 

iiust vanish.^ On the other hand, Seki treats of u equations. 
While Leibnitz’s discovery was made in 1693 and was not 
published until after his death, it is evident that Seki was not 
)nly the discoverer but that he had a much broader idea than 
:hat of his great German contemporary. To show the essential 
‘eatures of his method we may first suppose that we have 
wo equations of the second degree, 

a + /^ + ^ «:» o 

a x'^ + h'x + / = o. 

eliminating x^ we have 

(a b — ab') x+ (ac — ac) « O, 

md eliminating the absolute term and suppressing the factor x 
ve have 

{ac •—a c) x-\- {be —b' c) = o. 

rhat is, we have two equations of the second degree and 
ransform them into two equations of the first degree by what 
he Japanese called the process of folding {tatainu). In the 
;ame way we may transform ?i equations of the degree 
nto 11 equations of the n — i degree.^ From these latter 
equations the wasanka^ proceeded to eliminate the various 
)owers of x. Since it was their custom to write only the 
:oefficients, including all zero coefficients, and not to equate 
:o zero, 4 their array of coefficients formed in itself a deter- 
ninant, although they did not look upon it as a S[)ecial function 
:>{ the coefficients. On this array Seki now proceeds to per- 


^ See Muir, Ioc, r//., p. 5 . 

2 Called jKwanshiki (substitute equations). 

3 Follower of the wasan (native mathematics). 

4 The second member always being zero in a Japanese equation. 
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form two operations, the san (to cut) and the chi (to manage). 
The san consisted in the removal of a constant literal factor 
in any row or column, exactly as we remove a factor from 
a determinant today. If the array (our determinant) equalled 
zero, this factor was at once dropped. The chi was the same 
operation with respect to a numerical factor. 

Seki also expands this array of coefficients, practically the 
determinant that is the eliminant of the equations. In this 
expansion some of the products are positive and these are 
called sei (kept alive), while others are negative and are called 
koku (put to death), and rules for determining these signs are 
given. Seki knew that the number of terms in the expansion 
of a determinant of the order was n\, and he also knew 
the law of interchange of columns and rows.^ Whatever, there- 
fore, may be our opinion as to Seki^s originality in the yenri^ 
or even as to his knowledge of that system at all or as to 
its value, we are compelled to recognize that to him rather 
than to Leibnitz is due the first step in the theory which after- 
wards, chiefly under the influence of Cramer (1750) and Cauchy 
(1812), was developed into the theory of determinants.^ The 
theory occupied the attention of members of the Seki school 
from time to time as several anonymous manuscripts assert, 
but the fact that nothing was printed leads to the belief 


1 The details of these laws as expressed by the wasanka of the Seki 
school have been made out with painstaking care by Professor Hayashi, 
and for them the reader is referred to his article. 

2 §ee Chapter VIII. 

3 The best source for the history of the subject in the West is Muir, 
loc. cit, 

4 Professor Hayashi has several in his possession. An anonymous one 
that seems to have been written in the eighteenth century, entitled Jf^ukudai 
Hu san ka yendan justsu, is in the library of one of the authors (D. E. S.), 
A contemporary of Seki’s, Izeki Chishin, published a work entitled Sam^o 
Hakki in 1690, in which the subject of determinants is treated, and upwards 
of twenty other works on the subject are now known. It is strange that 
the Japanese made no practical use of the idea in connection with the 
solution of linear equations, and entirely forgot the theory in the later period 
of the was an. 
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that the process long remained a secret. It must be said, 
however, that the Chinese and Japanese method of writing 
a set of simultaneous equations was such that it is rather 
remarkable that no predecessor of Sekfs discovered the idea 
of the determinant. 

We have now considered all of Seki’s work save only the 
mysterious yenri, or circle principle. It must be confessed 
that aside from his anticipation of determinants the result is 
disappointing. In Chapter VIII we shall consider the yenri, 
of which there is grave doubt that Seki was the author, and 
aside from this and his discovery of determinants his reputation 
has no basis in any great field of mathematics. That he was 
a wonderful teacher there can be no doubt; that he did a 
great deal to awaken Japan to realize her power in learning 
no one will question ; that he was ingenious in improving 
mathematical devices is evident in everything he attempted; 
but that he was a great mathematician, the discoverer of any 
epoch-making theory, a genius of the highest order, there is 
not the slightest evidence. He may be compared with Christian 
Wolf rather than Leibnitz, and with Barrow rather than Newton. 
When, on November 15, 1907, His Majesty the Emperor of 
Japan paid great honor to his memory by bestowing upon 
him posthumously the junior class of the fourth Court rank, 
he rendered unprecedented distinction to a great scholar and 
a great teacher, but not to a great discoverer of mathematical 
theory. 



CHAPTER VIL 


Seki’s contemporaries and possible Western influences. 

Whether or not Seki can be called a great genius in math 
matics, certain it is that his contemporaries looked upon hi: 
as such, and that he reacted upon them in such way as i 
arouse among the scholars of his day the highest degree < 
enthusiasm. Although he followed in the footsteps of Pythagor* 
in his relations with his pupils, admitting only a few sele< 
initiates to a knowledge of his discoveries,* and although 1 
kept his discoveries from the masses and gave no heed to tl 
researches of his contemporaries, nevertheless the fact that 1: 
could accomplish results, that he could solve the puzzlir 
problems of the day, and that he had such a large followin 
of disciples, made him a stimulating example to others wl: 
were not at all in touch with him. In view of this fact it 
now proposed to speak of some of Seki’s contemporaries befoi 
considering his own • relation to the yenri, and at the sair 
time to consider the question of possible Western influence ; 
this period. 

Two years before Seki published (1674) his Hatsubi Samp 
namely in 1672, Ploshino Sanenobu published his Kokdge?i-sh 
and in 1674 Murase, a pupil of Isomura, wrote the Sani^ 
Futsudan Kai, A year later (1675), Yuasa Tokushi, a pui 
of Muramatsu, published in Japan the Chinese Siian-fa Tun^ 
tsofig. In 1681 Okuda Yuyeki, a Nara physician, wrote tl 
Skimp en Sansu-ki. Two years later, Takebe Kenko publish^ 


I A custom always followed in the native Japanese schools, not mer< 
in mathematics but also in other lines. 
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the Kenki SampOy in which he solved the problems proposed 
in Ikeda Shdi's Sugaku Jo jo Orai of 1672, without making use of 
the tenzan algebra of Seki, saying that '"this touches upon 
what my mathematical master wishes kept secret,” thus leaving 
unsolved those problems that required the seiikan-jutsti and 
similar devices. It was in the work of Ikeda that the old 
Chinese value of rr, was first made known in Japan. 

In the same year (1683) Kozaka Sadanao published his 
Kuichi Sangaku'shoJ- He had been the pupil of a certain 
Tokuhisa Komatsu, founder of the Kuichi school of mathe- 
matics, a school that was much given to astrology and 
mysticism.* Also in this year Nakanishi Seiko published his 
Kokogen Tekito-shu, a book that was followed in 1684 by the 
Sampd Zoku Tekito-shu written by his brother, Nakanishi Seiri. 
These brothers had been pupils of Ikeda Shoi, and one of 
them 3 opened a school called after his name. 

In 1684 the second edition oi s Ketsugi-shd appeared, 

and in the following year Takebe^s commentary on Seki’s 
Hatsubi Sampo was published. This latter made generally 
known the yendan method as taught by Seki. 

In 1687 Mochinaga and Ohashi published the Kaisan-ki 
Kdmoku,^ and in 1688 the Tosho KaisankL^ In the first of 
these works we already find approaches to the crude methods 
of integration (see Fig. 30) that characterized the labors of 
the early Seki school. In the year 1688 Miyagi Seiko, the 
teacher of Ohashi, published the Meigen Sampo, to be followed 
in 1695 by his Wakan Sampd ^ in which he considers in detail 
the numerical equation of the 1458th degree already mentioned 
by Seki, and attempts to solve the hundred fifty problems 

1 Literally, the Mathematical Treatise of the Kuichi School. 

2 Endo, Book II, p. i8. 

3 The eldest, Nakanishi Seiko, may have studied under one of Seki's 
pupils. Endo, Book II, p. 20. 

4 See p. 65. 

5 Literally, the Summary of Kaisan-ki. 

6 Literally, the Kaisan-ki with Commentary. 

7 Japanese and Chinese Mathematical Methods. 
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in Sato’s Kongenki and the fifteen in Sawaguchi’s Kokon 
Sampo-ki (1670), all by the ye 7 idan process. 

Miyagi founded a school in Kyoto that bore his name, and 
to him is sometimes referred a manuscript on the quadrature 
of the circle. He was highly esteemed as a scholar by his 
contemporaries.* 

In 1689 Ando Kichiji of Kyoto published a work entitled 
Ikkyoku Samps in which the yendan algebra is set forth, and 


Fig. 30. Early integration, from Mochinaga and Ohashi's 
Kaisati'ki Komokii (1687). 

in 1691 • Nakane Genkei published a sequel to it under the 
title Shichijo Beki Yenshiki, 

In 1696, Ikeda Shoi published a pamphlet on the mensur- 
ation of the circle and sphere, 3 and in 1698 Sat() Moshiin 

1 The Kohai Shokai, This is, however, an anonymous work of the 
eighteenth century, 

2 End 5 , Book II, p. 29. 

3 The Gyokuyen Kyolm-seki, the limiting Values of the circular Area and 

spherical Volume. In the same year (1696) Nakane flcnkei published his 
Tenmo 7 i Zukwai Hakki, an astronomical work of importance. The best 
astronomical treatise of this period is Shibukawa Shunkai’s I'enmm a 

manuscript in 8 vols, Nakane Genkei also wrote a work on the calendar, 
the Koioct Tsureki that was later revised by ICitai Oshiina. 
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published his Tengen Shinan or Treatise on the Celestij 
Element Method. In this his method of finding the area of 
circle is distinctly Western (Fig. 31), although it is so simp] 
as to claim no particular habitat 

This list is rather meaningless in itself, without furth^ 
description of the works and a statement of their iiifluenc 
upon Japanese mathematics, and hence it may be thought t 
be of no value. It is inserted, however, for two purpose: 
first, that it might be seen that the Seki period, whether throng 
Sekfs influence or not, whether through the incipient influx c 
Western ideas or because of a spontaneous national awakening 
was a period of special activity; and second, that it might b 
shown that out of a considerable list of contemporary writer: 
only those who in some way came under Seki's influenc 
attained to any great prominence. 

We now turn to the second and more important questioi 
did Seki and his contemporaries receive an impetus from th 
West? Did the Dutch traders, who had a monopoly of th 
legitimate intercourse with mercantile Japan, carry to th 
scholars of Nagasaki and vicinity, where the Dutch wer 
permitted to trade, some knowledge of the great advance i 
mathematics then taking place in the countries of Europe 
Did the Jesuit missionaries in China, who had followed Matte< 
Ricci in fostering the study of mathematics in Peking, succee< 
in transmitting some inkling of their knowledge across th 
China Sea? Or did some adventurous scholar from Japan risl 
death at the order of the Shogun, and venture westward ii 
some trading ship bound homewards to the Netherlands? Thes* 
are some of the questions that arise, and which there an 
legitimate reasons for asking, but they are questions that futur' 
research will have more definitely to answer. Sonic materia 
for a reply exists, however, and the little knowledge that w( 
have may properly be mentioned as a basis for future in 
vestigation. 

It has for some time been known, for instance, that ther( 


1 Even tlie importation of foreign books was suppressed in 1630. 
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was a Japanese student of mathematics in Holland during 
Seki's time/ doubtless escaping by means of one of the Dutch 
trading vessels from Nagasaki. We know nothing of his 
Japanese name, but the Latin form adopted by him was 
Petrus Hartsingius, and we know that he studied under Van 
Schooten at Leyden. That he was a scholar of some distinc- 
tion is seen in the fact that Van Schooten makes mention of him 
in his Tractatus de concin 7 ia 7 idis dernoJistrationibus geometricis 
cx calmlo algebraico in one of his editions of Descartes’s La 
Gcomctrie^^ as follows: “placuit majoris certitudinis ergo 
idem Theorema Synthetic^ verificare, procendo .a concessis 
ad quaesita, prout ad hoc me instigavit praestantessimus ac 
undequaque doctissimus juvenis D. Petrus Hartsingius, lapo- 
nensis, quondam in addiscendis Mathematis, discipulus meus 
solertissimus .”3 The passage in Van Schooten was first 
noticed by Giovanni Vacca, who communicated it to Professor 
Moritz Cantor. 

Some further light upon the matter is thrown by a record 
in the Album Studiosoru 7 n Academiae Lugduno BatavaeL as 
follows: 

^Tetrus Hartsingius Japonensis, 31, M. Hon. C.” with the 
date May 6, 1669. Here the numeral stands for the age of 
the student, M. for medicine, his major subject, and Hon. C. 
for Honoris Causaj his record having been an honorable one. 


1 Harzer, P., Die exaden Wissenschaften im alien ya^an, yahresbericht der 
deutschen Mathemaliker-Vereinigimg^ Bd. 1 4, 1 905, Heft 6; Mikami, Y., Zitr 
Frage abeiidllindischer Elnjlusse auf die japanische Maihematik am Ende des 
siebzehilen yahrhunderts^ Bibiiotkeca Matkematiea, Bd. VII (3), Heft 4. 

2 Harzer quotes from the 1661 edition, p. 413. We have quoted from 
the Amsterdam edition of 1683, p. 413. 

3 T. Hayashi remarks that the same words appear in a posthumous work 
of Van Schooten’s, but this probably refers to the above editio iertia of 1683. 
See PIayashi, T., On the yapanese who was in Europe about ike middle of the 
seventeenth century (in Japanese), yournal of the Tokyo Physics School, May, 1905; 
MiKAMr, y., JTatono Sdha and the mathematics of Seki, in the Nieuw Archief 
voor Wiskunde, tweede Reeks, Negende Deel, 1910. 

4 Hague, 1875. It gives a list of students and professors from 1 5 75 
to 1875. 
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Mathematics, his first pursuit, had therefore given place to 
medicine, and in this subject, as in the othei, he had done 
noteworthy work. Possibly the death of Van Schooten in t66i 
may have innuenced this change, but it is mure likely that 
the common union of mathematics and medicine, as indeed 
of all the sciences in those day.s/ led him to combine his two 
interests. Moreover certain other records inform us tliat Hart- 
singius lived in the house of one Pieter van Nieucastcel by 
the Langebrugge, a bit of information that adds a touch ot 
reality to the picture. This record would therefore lead to 
the belief that he was only twenty- tw<^ }'ears old when he was 
mentioned in the year cjf Van ScduiotetPs death (ibbr), or 
probably onl}^ twenty-one when lie, a and 

quondaju in nddiserndis, veritietl tlic theorem ftn* Ihs teacher. 

A careful examination of the Leyden rec uaLs as set forth 
in the AUmm Stiidiosoruni throws a ip)od deal more light on 
the matter than has as yet appearctl. In the first place the 
1 lartsingius was adopted as a gtHai I)utch name, it appearing 
in such various forms as llartsing and liarlsincls and may 
very likely have belonged to tile mcn'liant under whose 
auspices the unknown student went to Ilollantl In the next 
place, llartsingius was in llollaml (ov ;i longt time, fifteen years 
at least, and was tiff anti on stmlyiny, in tlu^ university at 
Leyden. He is first enleretl on the rolls under date August 29, 
1654, as “Petrus llartsing Jaimnensis, P." a bo\* c»f twenty 
in the faculty of philosophy. 'Phis woultl have placed his birth 
in 1634 or 1^35, but as we sliall sec, he was not very |)ar- 
ticular as to exactness in giving Ins age.* He next appears 
on the rolls in the entr)* <4 dale Au|ne4 eS, lOfici, ''Petrus 
Ilartzing Jajiunensis, 22, lie has now changed iiis course 
to medicine, and liis age would now place his birth in 1638 
or 1639, four years later than statei! before. Since, liowcver, 


^ \Vitne», for extmpk, ihc menliwii miitk by V,4ii s. lintiirii iii tlic 1683 
edition (p, ;|H5| ahovit cited, id ihr e iri;ror*i litiw Err^raius 

BarthoUnus, «iul phy-aei^n in <‘ii|*riilw|»rfi. 

.See e«iL 438. 
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the difficulty of language is to be considered, together with 
the fact that such records, hastily made, are apt to be in- 
exact, this is easily understood. He next appears in the 
AlbiLvi under date May 6, 1669, as already stated. He there- 
fore began in 1654, and was still at work in 1669, but he had 
not been there continuously. 

Further light is thrown upon his career by the fact that he 
was not alone in leaving Japan, perhaps about 1652. He had 
with him a companion of the same age and of similar tastes. 
In the Alburn, under date September 4, 1654, appears this 
entry: “Franciscus Carron Japonensis, 20, Within a week, 
therefore, of the first enrollment of Hartsingius, another Japanese 
of same age, and doubtless his companion in travel, registered 
in the same faculty. But while Hartsingius remained in Leyden 
for years, we hear no more of Carron. Did he die, leaving 
his companion alone in this strange land? Did he go to some 
other university? Or did he make his way back to Japan 

Now who was this Petrus Hartsingius who not only braved 
death by leaving his country at a time when such an act was 
equivalent to high treason, but who was excellent as a mathe- 
matician? What ever became of him? Did he die, an unknown 
though promising student, in some part of the West, or did 
he surreptitiously find his way back to his native land? If he 
passed his days in Europe did he send any messages from 
time to time to his friends, telling them of the great world in 
which he dwelt, and in particular of the medical work and the 
mathematics of the intellectual center of Northern Europe? In 
other words, for our immediate purposes, could the mathe- 
matics of the West, or any intimation of what was being 
accomplished by its devotees, have reached Japan in Sekfs 
time? 


I ScHOTEL, G. D. J., De Academic ie Leiden in de i 6 e, i^e en i 8 e eeuw 
Flaarlem, 1875, speaks (p. 266) of Japanese students at Leyden, and a further 
search may yield more information. We have beeii over the lists with much 
care from 1650 to 1670, and less carefully for a few years preceding and 
following these dates. 
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These questions are more easily asked than answered, but 
it is by no means improbable that the answers will come in 
due time. We have only recently had the problem stated, 
and the search for the solution has little more than just begun, 
while among all of the literature and traditions of the Japanese 
people it is not only possible but probable that the future 
will reveal that for which we are seeking. 

At present there is a single possible clue to the solution. 
We know that a certain physician named Hatono Soha, who 
flourished in the second half of the seventeenth century, did 
study abroad and did return to his native land.' Hatono was 
a member of the Nakashima=“ family, and before he went abroad 
he was known as Nakashima Chozaburo. The family was of 
the samurai class, and formerly had been retainers of the 
Lord of Choshu or of the Lord of Iwakuni,3 feudal nobles 
who had made the Nakashimas at one time abundantly wealthy, 
but who had dishonestly deprived them of much of their means 
during the infancy of two of the heii's. It was because of this 
wrong that the family had left their former home and service 
and had repaired to the island of Kyushu to seek to mend 
their fortunes. It was thus that they came to Nagasaki, and 
that the young Nakashima Chozaburo met a Dutch trader 
with whom he departed into the forbidden world beyond the 
boundaries of the empire. It would seem, now, that we ought 
to be able to ascertain the date of the departure of the young 


I For much of this information we are indebted to vS. Hatono, a lineal 
descendant of the physician in question, and bearing his name. He informs 
us that the story was originally recorded in a manuscript entitled Imlm Idan 
which was destroyed by fire. See also IsJUGAMt, T., Hatono Soha 0 in the 
Chug^vai Iji Shinipd, no. 3 ^ 9 > Aug. 5? 1^95 J Yokoyama, ' 1 '., A physician of 
the Dutch school who went abroad two centuries ayo, and his suryicai instruments 
(in Japanese), in the Kydyuhu Gahujutsu Aai, voL 4, January 1901, (an article 
that leaves much to be desired in the matter of clearness); Fujikawa, Y., 
History of Japanese Medichie (in Japanese); Yokuyama, 'F., History 0 / Educatm 
in Japan (in Japanese). 

3 In the eastern part of Japan this name commonly appears as Nakajima, 
but Nakashima is the preferred form. 

3 The latter was subject to the former. 



samurai, and to trace his wanderings, especially as he returned 
and could, at least in the secrecy of his family, have told 
his story. We are, however, quite uncertain as to any of these 
matters. His descendants have kept the tradition that his visit 
abroad was in the Manji era, and since this extended from 
1658 to 1661, it included the time that Hartsingius was in 
Leyden. Tradition also says that he visited the capital of 
Namban, which at that time meant not only the Spanish 
peninsula, but the present and former colonies of Spain and 
Portugal, and which included Holland. While in this city 
he learned medicine from someone whose name resembled 
Postow or Bostow,^ and after some years he again returned 
to Japan. 

Arrived in his own country Nakashima was in danger of 
being beheaded for his violation of the law against emigration, 
and this may have caused the journeying from place to place 
which tradition relates of him. It is more probable, however, 
that his skill as a physician rendered him immune, the officials 
closing their eyes to a violation of the law which might be 
most helpful to themselves or their families in case of sickness. 
The danger seems to have passed through the permission 
granted by the Shogun that two European physicians, Almans 
and Caspar Schambergen should be permitted to practise at 
Nagasaki. Thereupon Nakashima became one of their pupils, 
began to practise in the same city, and assumed the name 
Nakashima Soha. 

It happened that there lived at that time in the province 
of Hizen, in Kyushu, a certain daimyo who was very fond of 
a brood of pigeons that he owned. One of the pigeons having 
injured its leg, the daimyo sent for the young physician, and 
such was the skill shown by him, and so rapid was the recovery 


I We have been unable to find this name among the list of prominent 
Spanish, Portuguse, or Dutch physicians of that time, but it is not improbable 
that some reader may identify it. Is it possible that it refers to Adolph 
Vorstius (Nov. 23, 1597 — Oct. 9, 1663) who was on the medical faculty at 
Leyden from 1624 to 1663? 
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of the bird, that in all that region Nakashima’s name be- 
came known and his praises were sung. So celebrated was 
his simple exploit that the people called him Hato no as hi luo 
naoshita Soha'^ or Hato no Soha,^ a name so pleasing to him 
that he thereupon adopted it and was thenceforth known as 
Hatono Soha.^ 

His fame now having found its way along the Inland Sea, a 
daimyo of the Higo province, Lord Hosokawa, in due time 
called him to enter his service at Osaka, so that he left Naga- 
saki, bearing with him gifts from his masters, Almans and 
Schambergen, as well as those which Postow had presented 
when he was in Europe or in some colony of Spain, Portugal, 
or Holland. This was in 168 and there he seems to have 
remained until his death in 1697, at the age of fifty-six years. 
Such is the brief story of the only Japanese scholar who is 
known, though native sources, to have studied in Europe and 
to have returned to his own country at about the time that 
Petrus Hartsingius was studying mathematics and medicine in 
Leyden. If Hatono was fifty-six when he died, as the family 
records assert, he must have been born in 1641 which is a 
little too late for Hartsingius, whereas if he and Carron are 
the same, his birth is placed in 1634 or 1635, which argues 
strongly against this conjecture. 

The problem seems, therefore, to reduce to the search for 
a Doctor Postow, and to a search for some problem in the 
Japanese mathematics of the Seki school that is at the same 
time in Van Schooten’s Iractatus or in some contemporary 
treatise. Thus far we have no knowledge that Hatono knew 


X Soha who cured the pigeon’s leg. 

2 Soha of the pigeon. 

3 The name is now in the ninth generation. 

4 This is the date as it appears in the family records, as communicated 
to us by his descendant. According to T. Yokoyama, however, there is a 
manuscript in the possession of the family, signed by Deshima Ranshyu at 
Nagasaki in 1684. It this is a nom </e plimie of Hatono s as Mr. Yokoyama 
believes, he may have gone to Osaka later than i68i. 
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ny mathematics whatever/ If he was Hartsingius he could 
asily have communicated his knowledge to Seki or his dis- 
iples, and if he was not it is certain that he would have 
nown him if he studied in Leyden, and in any case there is 
he mysterious Francis cus Carron to be considered. 

As to Seki’s contact with those who could have known the 
oreign learning, a story has long been told of his pilgrimage 
0 the ancient city of Nara, then as now one of the most 
harming spots in all Japan, and still filled with evidence 
►f its ancient culture. It appears that he had learned of 
:ertain treatises kept in one of the Buddhist temples, that 
lad at one time been brought from China by the priests, 
vhlch related neither to religion nor to morals nor to the 
lealing art, and which no one was able to understand. No 
ooner had he opened the volumes than he found, as he had 
mticipated, that they were treatises on Chinese mathematics, 
ind these he copied, taking the results of his labor back to 
t^'edo. It is further related that Seki spent three years in 
>rofitable study of these works, but what the books were or 
vha.t he derived from them still remains a mystery.>3 

If Seki went to Nara, the great religious center of Japan, 
lS there seems no reason to doubt, he would not have failed 
o visit the great intellectual center, Kyoto, which is near there. 
"Teither would he have missed Osaka, also in the same vicinity, 
vhere Hatono Soha was in the service of the daimyo. But 


1 Most of his manuscripts and the records of the family were burned 
ome fifty years ago, and of the few that remained nearly all were destroyed 
,t the siege of Kumamoto at the time of the Saigo rebellion in 1877. 

2 Mikamt, Y., On reading P. Ilarzeds paper on the mathematics in Japan, 
Pahresherichi der deutschen Math. Verein., Bd. XV, p. 256. 

3 Seki may have studied the Chinese work by Yang Hui at Nara. The story 
)f his visit is said to have first appeared in the Bnrht Inketi Rokit or Burin 
Kefibun Roku written by one SaitO. It was reproduced in an anonymous 
nanuscript entitled Sa 7 twa Zuihiisu, possibly written by Furukawa Ken. It 
ilso appears in the Okinagusa written by Kamizawa Teikan.' We have been 
inable to get any definite information as to the Nara books, although diligent 
nquiry has been made, but we wish to express our appreciation of the efforts 
n this direction made by Mrs. Kita (^ie Mayeda) and her brother. 
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on the other hand, Scki published the Hafsuln Sampo in n 
while Hatono did not go to Osaka until i68i, so that in 
event Scki could solve numerical equations of a high degi 
before Hatono settled in his new home. Moreover the symbol 
used by him is manifestly derived from the Chinese,'* so ‘ 
this part of his work .shows no European influence. If Hat 
or Hartsingius influenced Seki it must have been in the w 
in infinite series, which, as we shall see in the next chap 
started in his school, although more probably with his p 
Takebe. 

Still another contact with the West is mentioned in a 
called the Nagasaki Sonmin Den, in which it is stated 
one Seki Sozaburo learned astronomy from an old sch 
who had been to Macao and Luzon. If this is the Luzoi 
the Philipiiine Islands he could at that period have com 
contact with the Jesuits, and this is very likely the c,ase. 

Mention should also be made of another possible med 
of communication with the West in the time of Seki. A 
from the evident fact that if Hatono, 1 fartsingius, and Cai 
ventured forth on a voyage to ICuropc, others whose na; 
are not now remembered may have done the same, we li 
the record of two men who were in touch with Wes 
mathematic.s. The.se men were I layashi Kicliizaemon, and 
disciple Kobayashi Yoshinobu, both of them inter|)rcters in 
open port of Nagasaki. ICach of these men knew the Di 
language, and each was interested in the sciences, the la 
being well versed in the astronomy of the West. ^ Kobay 
was suspected of being a convert to Christianity, and as 
was a period of relentless persecution of the followers of 
religion^ he was thrown into prison in 1646, remaining tl 

I He even hints at one of the 1458 th degree (See f>agc 129.) 

Possibly obtained from Chinese works at Kara. 

In 1650 a Portuguese whose Japanese name was Bawano Chtian v 
an astronomical work in Japanese, but in I,atin characters. In 1659 1 
Kichibei transliterated it and it was annotated by Mukai Gensho (1609 — 3 
under the title Kenkm 

4 It was in 1616 that the Tokugawa Shoguiiate ordered the strict 
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for twenty-one years. Upon his release in 1667 he made an 
attempt to teach astronomy and the science of the calendar 
at Nagasaki/ though with what success is unknown, and it is 
recorded that in the year of his death, 1683, at the age of 
eighty-two, he was able to correct an error in the computation 
of an eclipse of the sun as recorded in the official calendar.* 
Hayashi was executed in 1646. While it is probable that 
these men did not know much of the European mathematics 
of the time, it is inconceivable that they were unaware of the 
general trend of the science, and that they should fail to give 
to inquirers some hint as to the nature of this work. 

A little later than the time of Kobayashi there appeared 
still another scholar who knew the Dutch astronomy, one 
Nishikawa Joken, who was invited by the Shogun Yoshimune 
to compile the official calendar. As already stated, the latter 
was himself a dilletante in astronomy, and it was due to his 
foresight and to that of Nakane Genkei that the ban upon 
European books was raised in 1720. From this time on the 
astronomy of the West became well known in Japan, and 
scholars like Nagakubo Sekisui, Mayeno Ryotaku, Shizuki 
Tadao, Asada Goryu, and Takahashi Shiji were thoroughly 
acquainted with the works of the Dutch writers upon the 
subject. 3 

The conclusion appears from present evidence to be that 
some knowledge of European mathematics began to find its 


pression of Christianity, the result being such a bloody persecution that a 
rebellion broke out at Shimabara, not far from Nagasaki, in 1637. 

t Endo, Book 11 , p. 76. 

2 Endo, Book II, p. i8. 

3 Mayeno is said to have also had a Dutch arithmetic in 1772, but 
the title is not known. Endo, Book III, p. 7. On this question of the 
influence of the Dutch see Hayashf, T., licno have the Japanese nsed the 
Dutch books imported from Holland, in the Nieuw Archief voor Wiskunde, reeks 2, 
deel 7, 1905, p. 42; 1906, 'p. 39, and later, where it appears that most of the 
Dutch works known in Japan are relatively late. On the interesting history 
of the Portuguese writer known as Sawano Chuan, see Mucami, Y., in the 
Nietiw Archief voor Wiskunde, reeks 2, deel 10, and the Annals Sciejitificos da 
Academia Polyiechnica do Porto, vol. 7. 
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way into Japan in the seventeenth century; that we have 
no definite information as to the nature of this work beyond 
the fact that mathematical astronomy was part of it; that there 
is no evidence that Seki or his school borrowed their methods 
from the West; but that Japanese mathematicians of that time 
might very well have known the general trend of the science 
and the general nature of the results attained in European 
countries. 


CHAPTER VIIL 


The Yenri or Circle Principle, 

Having considered the contributions of Seki concerning which 
there can be no reasonable doubt, and having touched upon 
the question of Western influence,^ we now propose to examine 
the yenri with which his name is less positively connected. 
The word may be translated '^circle principle’’ or ‘'circle theory”, 
the name being derived from the fact that the mensuration of 
the circle is the first subject that it treats. It may have been 
suggested by the title of the Chinese work of Li Yeh (1248}, 
the Tse-yuan Hai-ching, in which, as we have seen (page 49), 
Tsiyuan means "to measure the circle.” Seki himself never 
wrote upon it so far as is positively known, although tradition 
has assigned its discovery to him, nor is it treated by (Dtaka 
Yusho in his Kwatsuyd Samp 0 of 1712 in connection with the 
analytic measurement of the circle. After Seki’s time there 
were numerous works treating of the mere numerical measure- 
ment of the circle, such as the Taisei SankyOp commonly 
supposed to have been written by Takebe Kenko,^ and of 
which twenty books have come down to us out of a possible 
forty-three.^ There is a story, generally considered as fabulous, 
told of three other books besides the twenty that are known, 
that were in possession of Mogami Tokunai^ a century ago. 


1 The influence of the missionaries is considered later. 

2 “Complete Mathematical Treatise.” 

3 So stated in a manuscript of Lord Arima’s Hoyen Kiko^ bearing date 1766- 

4 So stated by Oyamada Yosei in his article on the Sangaku Shtiban in 
the Matsunoya Hikkiy although the number is doubtful. 

5 A pupil of Honda Rimei (1755 — 1836). 
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He stated that he procured them from one Shiono Koteki 
Hachioji, who had learned mathematics from Someya Hai 
fusa. Shiono recorded these facts at the end of his copy, a 
this is the bearing of the story upon Seki's secret knowled 
of the ye7trL It was Someya who gave Shiono these boo 
assuring him that they contained Sekfs secret knowledge, bei 
works that he had himself written. Someya had received th< 
from Ishigaya Shoyeki of Kurozawa in Sagami, his aged mast 
who was a pupil of Sekfs and who had received these cop 
from the latter’s own hand. 

Although the story is not a new one, and seems to rek 
Seki intimately with the work, nevertheless we have no evider 
save tradition to corroborate the statement, since the thi 
volumes no longer exist, if they ever did, and the twenty tl 
we know show no evidence of being Seki’s work.^ Moreo^ 
the treatment of rr which it contains is quite certainly not tl 
of Seki, for in his FtikyU Tetsujutsu of 1722 Takebe states tl 
it is not.^ This treatment is based upon the squares of t 
perimeters of regular inscribed polygons from 4 to 512, 
being taken as the square of the perimeter of the 5i2-g( 
namely 

9.86960 44010 89358 61883 44901 99874 7. 

Seki, on the contrary, calculated the successive perimeh 
instead of their squares. Takebe claims to have carried ! 
process far enough to give tt to upwards of forty decin 
places by considering only a 1024-gon, and he gives it as 

11 = 3.14159 26535 89793 23843 26433 83279 50288 41971 

He then uses continued fractions to express this value, stati 
that this plan is due to his brother Takebe Kemmei, and tl 

1 It should be stated, however, that Endo (Book II, j). 41) believes, i 
with excellent reason, that they were taken from Seki’s own writings t 
were put into readable form by Takebe. See also Mikami, Y., A Qttesi 
on Sekl's Inveniion of ihe Cirde-PHneipk, in the 'Tokyo SH^aku-Bulungakk 
Kizi^ Book IV (2), no. 22, p. 442, and also his article on the yenri in Book V 

2 MS., article 10. 

3 He must, however, have gone beyond the T024-gon for this. 
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5 eki had used only the method given in the Kwatsuyu Sampd, 
ill of which tends to throw doubt upon Sekfs connection with 
his treatise. 

The successive fractions obtained for tt by taking the con- 
^ergents of the continued fraction are 



3 

22 333 

355 


I ' 

7 ’ 106 ’ 

'113’ 

1 ° 3993 _ 

IQ434S 

208341 

312689 

33102 ' 

33215 ’ 

66317 ^ 

99532 


1 146408 

4272943 

etc., 

265381 ’ 

3649^ 

’ 1360120 * 


Host of which are not found in any work with which we can 
dearly connect Seki’s name. 

Still another reason for doubting Seki’s relation to this phase 
>f the work is seen in the method of measuring a circular arc. 
n the Taisei Sankyd the squares of the arcs are used instead 
>f the arcs themselves, as in the case of the circle. Some 
dea of the work of this period may be obtained from the 
brmula given: 

(4877315687^^ + 2i309475994c^/^j* + 23945 445 808^^ 

+ 5I7074I462/^^)^^^ 

= 48775 1 5687 + 47322893653c^/^^ + 151469740022^^7/4 

+ i7427753356o<;V/^ -f 503 1908 8 000 7 /^ 

vhere c = chord, 7 / = height of arc (from the center of the 
:hord to the center of . the arc),"" and // = length of arc. This 
"ormula resembles one that appears in the Kwatsuyo Sampo^ 
md one that is in Takebe’s Kenki SampD of 1683. All these 
'ormulas seem due to Seki. 

Some idea of the Taisei Sa 7 ikyD having been given, together 
w'ith some reasons for doubting the relation of Seki to it, we 
diall now speak of the author, Takebe, and of his other works, 
and of his use of the yenri, setting forth his testimony as to 
any possible relation of Seki to the method. 


I Which we shall hereafter call the height of the arc, the older word 
Tag'lila. being no longer in common use. 


TO 
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Takebe Hikojiro Kenko' was one of three brothers whc 
displayed a taste for mathematics and who studied under Seki 
He was descended from an ancient family, his father Takeb< 
Chokuko being a shogunate samurai. He was born in Yed< 
(Tokyo) in the sixth month of 1664, and while still a youtl 
became a pupil of Seki, and, as it turned out, his favorite anc 
most distinguished one.3 

Takebe was only nineteen years of age when he publishec 
the Kenki Samps (1683). Two years later (1685) there ap 
peared his commentary on Seki’s Hatsubi Samps (of 1674) 
and in 1690 he wrote the seven books of his notes on th( 
Suan-hsiao Chi-mhig which appeared in his edition of this work, 
explaining the sangi method of solving numerical equations. Ii 
1703 he was made a shogunate samurai and served. as ar 
official in the department of ceremonies. In 1719 he drew £ 
map of Japan, upon which he had been working for four years 
and which for its accuracy and for the delicacy of his worl 
was looked upon as a remarkable achievement. This and hh 
vast range of scientific knowledge served to command th( 
admiration and respect of Yo.shimune, the eighth of the To- 
kugawa shoguns, who called upon him for advice with respec 
to the calendar and who consulted him upon matters relating 
to astronomy, a .subject in which each took a deep interest 
He at once pointed out certain errors in the official calendar 
and recommended as court a.stronomer Nakane Genkei, foi 
whom and for himself Yoshimune built an observatory ir 

His given name Kenko appears as Katahiro in the Hakuseki Skinsh 
written by Arai Hakuseki (1657— 1725), his contemporary, and is so giver 
in some of the histories. It is possible too that the family name Takebe 
should be Tatebe, as given by Endo, Okamoto, and others of the ole 
Japanese school, although the former is usually given, 

2 The other brothers were his seniors and were called Kenshi and Kemmei 
also known as Katayuki and Kataaki. 

3 KawaKITa, C., Honcho Sfigakn Shiiyo (Materials for the Mathematical 
History of Japan), pp. 63 — 66, this being based upon Furukawa Ujikiyo^s 
writings. See also Kuichi Sanjin’s article in the Shy'akn Hoch'i. 

4 This Chinese algebra appeared in 1299. The Japanese edition is 
mentioned in Chapter IV. 
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the castle where he dwelt. So liberal minded was this 
shogun that he removed the prohibition upon the importation 
of foreign treatises upon medicine and astronomy, so that from 
this time on the science of the West was no longer under 
the ban. 

The infirmities, of age began to tell upon Takebe in 1733 
so much as to lead him to resign his official position, and six 
years later, on the twentieth day of the seventh month of the 
year 1739, he passed away at the age of seventy-five years. 

The work of Takebe’s with which we are chiefly concerned 
was written in 1722, and was entitled Fukyu Tetsujutsic, Fukyu 
being his nom de plume, and Tetsujutsu being the Jajpanese 
form of the title of a Chinese work written by Tsu Chkmg-chi 
(430 — 501) in the fifth century. This Chinese work is now 
lost, but it treated of the mensuration of the circle,^ and for 
this reason there is an added interest in the use of its name 
in a work upon the yenri. 

Takebe states* that Seki was wont to say that calculations 
relating to the circle were so difficult that there could be no 
general method of attack. Indeed he says that Seki was averse 
to complicated theories, while he himself took such delight in 
minute analysis that he finally succeeded in his efforts at the 
quadrature of the circle. It would thus appear that the yeiiri 
was not the product of SekPs thought, but rather of Takebe’s 
painstaking labor. Moreover the plan followed by Takebe in 
finding the length of an arc is not the same as the one given 
in the Kwatsuyo Sanipo in which Otaka Yusho (1712) sets 
forth Seki’s methods, though it has some resemblance to that 
given in the Taisei Sankyd which, as we have seen, Takebe 
may have written in his younger days when he was more 
under Seki’s influence. 


^ As we know from Wei Chi’s Records of the Sui Dynasty, a work written 
in the seventh century. It was possibly a treatise on the calendar in which 
the circle was considered incidentally. See MiKA.Mr, Y., in the Proceedmgs 
of the l^okyd Math. Phys. Society y October, 1910. 

2 Article 8 of his treatise. 

10’^ 
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Takebe takes a circle of diameter 10 and finds the square 
of half an arc of height o.oooooi to be a number expressed 
in our decimal system as 

0.00000 00000 33333 3SIII 11225 39690 66667 28234 

77^94 7959S ^75 + , 

but he gives us no complete explanation as to how this was 
obtained.^ Now since the squares of the halves of arcs of 
heights I, o.i, and 0.00001, respectively, have for their ap- 
proximate values 10, I, and o.oooi, it will be observed that 
these are the products of the diameter and the heights of the 
arcs. He therefore takes dli, the product of the diameter and 
height, as the first approximation to the square of half an arc. 
He then compares this approximation with the ascertained 

value and takes his first difference Dt, as ^ Id. Proceeding in 

a similar manner he finds the second difference to be 

A . A. . j) and so on for the successive differences. The 
d 15 

result is the formula 
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In other words, he has 
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which expresses in a series the square of arc sin .r in terms 
of versin x. 

This series is convenient enough when h is sufficiently small, 
but it is difficult to use when h is relatively large. Takebe 

I He states that the particulars are set forth iu two manuscripts, the 
Yenritsu (Calculation of the Circle) and KoriLm (Calculation of the Circular 
Arc), but these manuscripts are now lost. 
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therefore developed another series to be used in these cases, 
as follows: 


= dh + —h^ + 
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He also gives a third series which he, possibly following Seki, 
derives from the value of Jl =0.00000 0001, as follows: 
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Takebe’s method of finding the surface of a sphere is the 
same as that given in the revised edition of Isomura’s Ketsugisho 
save that it is carried to a closer degree of approximation. 
As bearing upon Seki’s work it should be noted that Takebe 
states that the former disdained to follow this method, preferring 
to consider the center as the vertex of a cone of which the 
altitude equals the radius, showing again that Takebe was quite 
independent of his master. 

Not only does Takebe use infinite series in the manner 
already shown, but in another of his works he does so in a 
still more interesting fashion. This work has come down to 
us in manuscript under the title Yenri Tetsjijutsu or^ Yenri 
Koliai-jutsu.^ In this he considers the following problem: In 
a segment of a circle the two chords of the semi-arc are drawn, 
after which arcs are continually bisected and chords are drawn. 
The altitude of half the given arc then satisfies the equation 

— dh-\-^dx — 4;ir* = o, 

where d = diameter, h = altitude of the given arc, ;r' = altitude 
of half of this arc. This equation Takebe proceeds to solve 


Literally, The circle principle, or Method of finding the arc of a circle. 
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by expressing the value of .r' in the form of a series, expanded 
according to a process which he calls h^ijo IvyiisJio jutsu.^ 
From this expansion Takebe derives a general formula for 
the square of an arc, which he gives substantially as follows: 
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a result that had previously been obtained in the Fufya 
Tetsujutsu of I722d 

The analysis leading to this formula, which is too long to 
be given here and which is obscure at best, is the ycnn 
or Circle Principle, and it at once suggests two questions: 
(!) What is its value? (2) Who was its discoverer? 

As to each of these questions the answer is diflicult. In the first 
place, Takebe does not state witli lucidity his train of reason- 
ing, and we are unable to say how he bridged certain diffi- 
culties that seem to have stood in his way. He gives us results 
instead of a principle, an isolated formula instead of a powerful 
method. To be sure his formula has, as we shall see, some 
interesting applications, as have also many formulas of the 
calculus; but here is only one formula, obscurely derived, whereas 
the calculus is a theory from which an indefinite number of 
formulas may be derived by lucid reasoning. We are there- 
fore constrained to say that, from any evidence offered by 
Takebe, the yalri is simply the interesting, ingenious, rather 
obscure method of deriving a formula capable of being applied 
in several ways, but tliat it is in no more comparable to the 
European calculus, even as it existed in the time of Seki, 
than is Archimedes’s method of scjuaring tlie parabola, while 
the method is stated with none of the lucidity of the great 
Syracusan. 


1 Literally, Method of deriving the root by divi.sions. 

2 See page 148, above. 
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But taking it for what it is worth, who invented the jmiri? 
The greatest of Japanese histoiians of mathematics, Endo, is 
positive that it was Seki. He sets forth the reasons for his 
belief as follows:^ ^'The inventions of the tenzan algebra and 
of the yenri were made early [in the renaissance of Japanese 
mathematics], but certain scholars do not attribute the latter 
to Seki for the reason that it is not mentioned in the Kwaisiiyo 
Sampo, Such a view of the question is, however, entirely 
unwarranted. At that period even the tenzan algebra was kept 
a profound secret in Seki’s school, never being revealed to the 
uninitiated. It was on this account that not even the tenzan 
algebra was treated in the Kwatsuyd Sampo, and hence there 
is little cause for wonder that the yenri has no place there. 
It is stated, however, that the value of tt is slightly less than 
3.14159265359. Now unless the correct value were known 
[to this number of decimal places] how would this fact have 
been evident? . . . The process given in this work being 
restricted to the inscription of polygons, there was no means 
of knowing how many digits are correct. Nevertheless the 
author was correct in his statement as to how many decimal 
places are exact, and so it would seem that he must already 
have known the correct value to more decimal places [than 
were used] in order to make his comparison. The original 
source of information was certainly one of Seki’s writings, 
perhaps the same as that used by Takebe in his subsequent 
work.’’ 

While Endows argument thus far is not conclusive, since Seki 
may have found the value of tt by the older process, or may 
have obtained it from the West, nevertheless it must be granted 
that, as Takebe assures us, he did know it to more than twenty 
figures. 

Endo continues: ^Tn the Kyoho era (1716 — 1736) Seki’s 
adopted son, Shinshichi, was dismissed from office and was 
forced to live under Takebe’s care. It was at this juncture 
that Takebe, in consultation with him, entered upon a study 


Endo, Book II, pp. 55, 56. 
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of Seki’s most secret writing on the yenri as applied to t 
rectification of a circular arc, after which he completed 1 
manuscript entitled Yenri Kohai Tetsnjuisu”.^ He continues^ 1 
saying that Shinshichi was dismissed from office in the Shoguna 
in 1735 because of his dissolute character, so that we th 
have a date which will serve as a limit for such communicati 
as may have taken place. He asserts that Seki’s adopted s 
now gave to Takebe the secret writings of his father, writt 
in the Genroku era (i688— 1704) or earlier, and it was throu: 
their study that Takebe came to elaborate the yeni'u En 
thinks that Takebe did not enter upon this work before t 
dismissal of Seki’s adopted son in 1735 at which time he w 
already an old man .3 

Now it is evident that this view of the case is not who 
correct, for Takebe gives the same scries in his Ihckyu Tctsiijm 
in 1722. Moreover, he must have been acquainted with tl 
form of analysis because there is extant a manuscript compil 
in 1728 by one Oyama (or Awayama) Shdkeit entitled Ya 
Hakki which is quite like the Yenri Kohai-jiitsu in its m; 
features, although the work is not so minutely carried out, 
spite of its gain in simplicity. 

For example, the square of the arc is given in a series whi 
is substantially the same as the one already assigned to Takel 
Oyama’s rule may be put in modern form as follows: 


r 

I I + 2 


00 ’I . 
2 {n If 


[zn 4- 2)1 



From this series he derives the value of tt by writing //« 


1 Endo, Book II, p. 74. 

2 Ibid., pp. 8r, 82. 

3 His reasons are not clear. Professor T. Hayashi, in his article in 

Honcho Sugaku Koenshu, 1908, pp. 33 36, makes out a strong case for S 

as the discoverer of the yenri, 

4 Possibly Tanzan Skdkei. The writer of the preface of tlie work, Hach 
Teisho, may have been this same person. 
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and taking four times the result. He also finds it by taking 
h == dy the result being 


IT* 


■4L^ + 2 (2«+2)! . ■ 


Oyama, the author of the Yenri Hakki, was a pupil of Kuru 
Juson, who had studied under Seki, but the theory is not given 
as in any way connected with the latter. In one of the two 
prefaces Nakane Genkei, a pupil cfTakebe's, says: 'The most 
difficult problem having to do with numbers is the quadrature 
of the circle. On this account it is that we have the various 
results of the different mathematicians. ... It is now a century 
since the dawn of learning in our country, and during this 
period divers discoveries have been made. Of these the most 
remarkable one is that of Takebe of Yedo. For several decades 
he has pursued his studies with such zeal that oftimes he has 
forgotten his need of food and sleep. In the spring of 1722 
he was at last rewarded by brilliant success, for then it was 
that he came upon the long-sought formula for the circle. 
Since then he has shown his result to divers scholars, all of 
whom were struck with amazement, and all of whom cried 
out, 'Human or divine ! This drives away the clouds and 
darkness and leaves only the blue sky!’ And so it may be 
said that he is the one man in a thousand years, the light 
of the Land of the Rising Sun!” 

The second preface is by Hachiya Kojuro Teisho, and he 
too gives the credit to Takebe. He says, “The circle principle 
is a perfect method, never before known in ancient or in 
modern times. It is a method that is eternal and unchange- 
able ... It is the true method, constructed first by the genius 
of Takebe Kenko, and before him anticipated neither in Japan 
nor in China. It is so wonderful that Takebe should have made 
such a valuable discovery that it is only natural to look upon 
him as divine. For years have I studied under Seki’s pupil 
Kuru Juson, and have labored long upon the problem of the 
quadrature of the circle, but only of late have I learned of 
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Takebe's discovery, and I shall be liai)p}^ if this work, which 
I have written, may initiate my fellow mathematicians into the 
mysteries of the problem.” 

It would seem from the last sentence that 1 rachi}M ma\* have 
been the real author of the work, and tint ()}'ama Sliok’ci and 
Hachiya may have been the same ]')crson. In an\' case, however, 
the evidence is clear that his contemi)oranes |)r(>claimcd 1 akebe 
the discoverer of the and there seems to have been none 

to challenge this award. There is no contemporary statement 
like this that connects the principle with Se]<i, and until there 
is stronger evidence than mere conjecture such honor as is 
due should be bestowed upon 'J'akcl)e. 

But where did Takcbe get this formula for Ilis explan- 
ation of his own development is very obscure. Ditl lu: himself 
understand it, or had he the formula and did he explain it as 
far as his ingenuity allowed? 'Fhat tlicrc is a close restmiljlaiice 
between this formula and such sta'ics as one finds in looking 
over the works of Wallis* is evident. '1 he sta'ies Si*ems, however, 
to have been given by PieiTt^ Jartoux, a Jesuit missionary, 
resident in Peking. This Jartoux was born in and went 
to China in 1700, d3nng there Nov. 30, ijju. lie was a man 
of all-round intelligence^ and liis ( Vwf7’/*f///Vv/,v astmiomiques, 
published two years after his (Uxatli, showed some ahility. He 
also worked with l^crc Regis on the gp'eat map of China. But 
our interest in Jartoux lies chiefly in the lat:t that he was in 
correspondence with Leibnitz, as is .shown b\' the pulilication 


1 Our attention i.s called to fact !»y /I*/ 

schaften im alien Japan^ in the jfahre.slenthi .-/,•/ Jrui^Ju'a Ihym, 

Bd. 14, Heft 6. A search through Mh, how'rver, |m rrvcid ihiM seriei, 

although the analogy to thus work is evitlrnl. Sre, for exiim|}|f% p, 

De Alx^dra Traelalm, Oxoniae, cu|i, Xt'VI, 1’lir .uiriifitjii nf readers 

is invited to the (Ichirahility of asceruunttjg if iln. wa^Milrcady known 

in Europe. 

His report, /k^lal/s mr le r/ xnr /a Jf piihliilted 

in Europe in 1720, was the best one upon the ih;ii hat! appeared la 

the West up to that time. Indeed it i% for thi'^ rrptiri that lie was belt 

known there. 
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of his Observationes Maculartt)n Solarium Pckino missac ad 
G. W, Leib^iitiwn in the Acta Eruditorimi?- 

Here then is a scholar, Jartoux, in correspondence with 
Leibnitz, giving a series not difficult of deduction by the cal- 
culus, which series Takebe uses and which is the essence 
of the yenri, but which Takebe has difficulty in explaining, 
and which he might easily have learned through that inter- 
course of scholars that is never entirely closed. There is a 
tradition that Jartoux gave nine series/ of which three were 
transmitted to Japan, 3 and it seems a reasonable conjecture 
that Western learning was responsible for his work, that he 
was responsible for Takebe’s series, and that Takebe explained 
the series as best he could. 

The knowledge of Takebe’s work was the signal for the 
appearance of various treatises upon the yenri besides that of 
Oyama, and while they add nothing of importance to the 
theory or to its history, mention should be made of a few. 
The one that was the most highly esteemed in the Seki school 
of mathematicians was the Kenkon no Maki,^ a work of unknown 
authorship.3 Not only is the author unknown, but the work 
itself is apparently no longer extant in its original form.^ The 


I In 1705, p. 485. 

^ Professor Hayashi thinks that Jartoux. did not give nine series, but that 
he gave six, and that these were obtained by Ming An-tu whose work was 
completed by his pupils after his death, and published in 1774. Among 
these six is Takebe’s series. Proceeding's 0/ the Tokyo Math. Phys. Soc., 
1910 (in Japanese). 

3 These three appear in Mei Ku-cheng’s book, but the date is unknown 
and there is no evidence that it reached Japan in this period. 

4 Literally, The Rolls of Heaven and Earth. 

5 Endo thinks that it was written by Matsunaga; see his I/istory, Book II, 

p. 84. P. Harzer thinks the author was Yamaji; see the yahreshcrlcht dcr 
deuische 7 t MorgenL Ver., Bd. 14, p. 3 X 7 - C. Kawakita thinks it was Araki, 
and in Fukuda’s Sampo Tamaiebako the same opinion is expressed. 

6 A manuscript bearing this title was found in a private library at Sendai, 
in the possession of a former pupil of Yamaji, but N. Okamoto, who has 
investigated the matter, believes that it is quite different from the original 
treatise. 
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process followed in developing the formula for is simpler 
than that used by Takebe in his Yenri Kohai-jutsii and rather 
resembles that of Oyama. 

The unknown author finds that the altitudes for the successive 
arcs formed by doubling the number of chords are 
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1.3 (ky 






4.6 

5.21 
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16.40 
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1640.224 
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^ 64.32.896 w/ ^ J’ 


these being calculated by the tetsujiitsu process, or the actual 
expansion* of the terms of the equations, although the calcul- 
ations themselves are not given. The ratios of the successive 
coefficients are seen to be 


1-3 

3*5 

5-7 

7.9 

9.11 ^ 

11.13 

^ 3-15 
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23.25^ 
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39.41 

47.49 
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12. 16 ’ 

20.24 

28.32' 

36.40' 

44.48’ 

52.56' 

60 . 64 


Hence the m\h ratio for hr is of the form 

{km — 1) {km -p d ^ 2 {k^ l) 

+ -i) “ + 3 « + •) 

where k — 2’', and as k becomes infinite this reduces to 

2m^ 

2 -1“ 3 vz -f- i 

We therefore have the limit to which h is approaching, and 
we can compute the square of the arc as before. This is the 
plan as stated in the Sendai manuscrii)t, the (jnly one which 
it seems safe to use, even though the manuscript is evidently 
not like the lost original.' 

I Endo, Book II, pp. 84—90, gives a different treatment, resembling that 
found in the Kohai no Ri, None of the leading mathematicians of the 
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There is some little testimony in favor of Sekfs authorship 
of the Kenkon no Maki, although the presumption is entirely 
against it. Thus in an anonymous work entitled Kigenkai or 
Yenri Kenkon Sko, a note by Furukawa Ujikiyo relates the 
following: "'This book is a writing of Seki Kowa and has long 
been kept a profound secret. No one into whose hands it has 
come was entitled to assume the role of Seki’s successor. Hence 
Fujita Sadasuke treasured the work, and copied it upon two 
rolls which he called Kenkon no Maki,^ revealing it only to his 
son and to his most celebrated pupil. All this has been told 
me by Shiraishi Chochu.” The probabilities are that some 
parts of the work were simply an ancient paraphrase of Otaka 
Yushd’s Kwatsuyd Sampo^ and being thus of the Seki school 
it was attributed to the master. Whether or not it was the 
original Kenkon no Maki is unknown. However that may be, 
it extends the yenri to include the analytic treatment of the 
volume of a spherical segment of one base of diameter a, by 
a method not unlike that of Cavalieri. The segment is divided 
into n thin layers of diameters </i, d 2 , ... ^4, where 
Then 


= 4 (^~- 


kh_ 
n ^ 


where d = diameter of the sphere, and h — altitude of the 
segment. Summing for k = 7 ,, . . .w, we have 




2 ^“ 

L 


n 4>^2 7S! + 3 -f- 2 « ? 

n a 6 


Multiplying this by ~ and by we have the approximate 
volume of the spherical segment, 


latter part of the nineteenth century received the Kenkon no Maki (possibly 
another name for the Kohai no Ri) from their teachers, as Uchida Gokan 
told N. Okamoto and as we are assured by T. Hagiwara. 

I See page T 55, note 4. 
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Tr/^2 


6 (3<^ 

of which the limit for n= <>° is 

IT 7/2 




3 ^^ , 3 ^\ 


6 


(3^— 2/^). 


The same general method appears in the writings of Matsunaga 
Yamaji, and others. 

It has already been stated that Isomura and Takebe founc 
the spherical surface by means of the difference of volumei 
of two concentric spheres. In this work the same thing i: 
done for the surface of an ellipsoid. The volume of the solic 

is given as , but with no proof Another ellipsoid is taker 

with axes a i- 2 /c and ^ H- 2 ^, and the difference of theii 
volumes is divided by 1 % giving 


Y (2ai + + 2a/c + 4/Y? T 

the limit of which, for k = o, is 

Y (2^^^ + 

This treatment is an improvement upon that of Isomura and 
Takebe because it is general rather than numerical. We there- 
fore have here a further development of the yenri^ in which 
it takes on a little more of the nature of the Western calculus, 
but still in only a narrow fashion. 

In the same way, little by little, some progress was made 
in the use of infinite series. Takebe’s series for the circular 
arc appears again in 1739 in a work entitled Hoyeii Sankyo^ 
written by Matsunaga Ryohitsu,^ who received the secrets of 
the Seki school from Araki, under whom he had studied. The 
Araki-Matsunaga school, while it started under a less brilliant 
leader than the school of Takebe, became the more prosperous 


1 Literally, Mathematical I'reatise on Polygons and Circles. 

2 liis former name was Terauchi Gompei. lie is also known as Matsunaga 
Yosliisiike. 
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as time went on, and seems to have inherited most of Seki’s 
manuscripts. Araki, indeed, gave the name to Seki^s Seven 
Books,’' and upon his death in 1718,=* at the age of seventy- 
eight, he could look back upon intimate associations with the 
mathematics of the past, and upon the renaissance in the labors 
of Seki, and could anticipate a fruitful future in the promise 
of Matsunaga. 

Matsunaga was born at Kurume in Kyushu, or possibly in 
Terauchi in Awari. His given name being Terauchi Gompei, 
we find some of his works signed with the name Terauchi. 
He served under Naito Masaki, Lord of Taira in Iwaki and 
afterward Lord of Nobeoka in Kyushu, himself no mean mathe- 
matician. Indeed it was he whose insistence led Matsunaga to 
adopt the tens an for the Japanese algebra, replacing the 

name Kigen seihd as used by Seki. Matsunaga was a prolific 
writer 3 and it is to him that the perpetuation of the doctrines 
of the master, under the title ^'School of Seki’', was due. He 
died in the sixth month of 1744.4 

In the statutes of the school of Seki, as laid down by him, 
the work was arranged in five classes, Seki himself having 
arranged it in three. The two upper classes were termed 
Betsnden and Inka,^ the latter covering Seki’s Seven Books, 
and being open only to one son of the head of the school 
and to two of the most promising pupils. These three initiates 
were required to take a blood oath of secrecy,^ and still further 


1 The Seki-ryu Shichibicshoy published at Tokyo as a memorial volume on 
the two hundredth anniversary of Seki^s death. See also Endo, Book 11, 
p. 42 . There is some doubt as to the titles of the seven books. 

2 C. Kaw AKITA in the Ho7tchd Sngahi Koenshu, p. i. 

3 His works include the following*. Dariii Shosa ( 1716 ), Emhi Etnpi Ryo- 
hitsii (1735), Horb Yosan, Iloyen Sa?ikyd (1739), Hoyen Zassaii, Jsbaiko Uii-d 
T747> posthumous), Kijo 7okics/id, Sampo Shiisei^ Sampo T'etsHjuts 2 t. 

4 As stated in a manuscript by Hagiwara. 

5 These names may possibly mean ** Special Instruction” and ‘‘Revealed 
by Swearing.” One who completed these classes received the two diplomas 
known as Betsiiden-menkyo and Ijtka-??iefikyo. 

^ Endo, Book II, p. 82 seq. On the five diplomas see also Hayasiii, T., 
T/ie Fukudai and Delermlnants in Japanese Mathematics, in the Tokyo Sngakii- 
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analogy to the ancient Pythagorean brotherhood is seen in tl 
mysticism of the founder. Matsunaga writes' as Pythagor 
might have done: “Reason is determinate, but Spirit wande 
in the realm of change. Where Reason dwelleth, there 
Number found; and wheresoever Spirit wanders, there Numb 
journeys also. Spirit liveth, but Reason and Number a 
inanimate, and act not of their own accord. The way wherel 
we attain to Number is called The Art. Heaven is independei 
but wherever there are things there is Number. Thin^ 
Number,— these are found in nature. What oppresses tl 
high and exalts the humble; what takes from the strong ai 
gives to the weak; what causes plenty here and a void thet 
what shortens that which is long and lengthens that which 
short; what averages up the excess with the defect,- this 
the eternal law of Nature. All arts come from Nature, ai 
by the Will alone they cannot exist.” 

Matsunaga’s Hoyeti Sankyv is composed of five books, ai 
is devoted entirely to formulas for the circumference ai 
arcs of a circle, no analyses appearing.' His first series is 
follows; 

'9 ^ 3.4 ^ 3. 4.5. 6 ^ 3. 4. 5. 6. 7. 8 " 

This is followed by 

T' r L J- ^'-3' 4- .... 

4.6 4.6.8.10 4.6.8.10.12.14 ’ 

a series which is then employed for the evaluation of ir 
fifty figures. The result is the following: 

11 = 3.14159 26535 89793 23846 26433 83279 50288 41971 
69399 5751 - 

Buim-igakkwai Kizi, vol. V (2). no. $, 1910 - Yamaji seems to have reveal 
tlie secrets to three besides his son. 

1 Hoyen Sankyd, 1739. This work may have been closely connected w 
the anonymous Kohai Shdkai. 

2 We are informed by N. Oicamoto that Uchida Gokan used to say tl 
the original manuscripts containing the analyses were Inirned purposely 
the work was finished. Matsunaga's //9>7/ Zassan (Miscellany concerni 
Regular Polygons and the Circle) is now unknown. 
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The same value is given in the Hdyen Kiko, written by Lord 
Arima in 1766, together with the numerical calculations involved. 
The value was first actually printed in the SJinki Sampo^ written 
by Arima under an assumed name, in 1769. 

Matsunaga next gives Takebe’s series for the square of an 
arc/ this being followed by three series for the length of an 
arc a with chord c as follows: 


— [■ + K7) + S(4)‘+5:5:7(4y+-]. 

- - = vu [. + "(i) + ^ G)- + « (AY +■■ ■]. 

The series for the altitude k in terms of the arc is 

and for the chord c it is 


1 

2.3^\ 2. 3. 4. 5 . ^4 


2. 3.4. 5. 6. 7^/6 




which is at once seen to be a form of the series for sin a.^ 
The area i’ of a circular segment is given as 




where c = chord of the arc, d = diameter of the circle, and 
h = height of the segment. 

Matsunaga also gives some interesting formulas for com- 
puting the radius ;ir of a circle circumscribed about a regular 
polygon of n sides, one side being j*, and for computing the 
apothem. 


Which appeared in the Yenri Kohai-juisu and the Fitkyii Teisn-Jiiisn of 
Takebe and the Yenri Hakki of Oyama. 

2 These two series appear in the Shnki Sampo. 

3 The above series are given in the Hdyen Sankyo^ Book I. 
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He also gives ^ formulas for the side of the inscribed polygo 
in terms of the diameter of the circle, for the various diagonal: 
for the lines joining the mid-points of the diagonals and th 
various vertices or the mid-points of the sides,* and so oi 
none of which it is worth while to consider in a work of thi 
nature. 

It will be seen that the ju'/iri as laid down by Takebe wa 
extended to include solid figures treated somewhat after th 
manner of Cavalieri, but that it was little more than a rathe 
primitive method of using infinite series in the measuremer 
of the simplest curvilinear figures and the sphere. W 
shall see, however, that it gradually unfolds into somethin 
more elaborate, but that it never becomes a great methoc 
remaining always a set of ingenious devices. 

1 y/;Tiw/ Book III. 

Lines known as the Kyomim-shi, 


CHAPTER IX. 


The eighteenth Century. 

We have already spoken of the closing labors of Seki Kowa, 
who died in 1708, and of Takebe Kenko and Araki, and in 
Chapter X we shall speak of Ajima Chokuyen. There were 
many others, however, who contributed to the progress of 
mathematics from the time when Takebe made the yenri known 
to the days when Ajima gave a new impulse to the science, 
and of these we shall speak in this chapter. Concerning some 
of them we know but little, and concerning certain others a 
brief mention of their works will suffice. Others there are, 
however, who may be said to have done a work that was to 
that of Seki what the work of D’Alembert and Euler was to that 
of Newton. That is to say, the periods in Japan and Europe 
were somewhat analogous in a relative way, although the 
breadth of the work in the two parts of the world was not 
on a par. In some respects the period immediately following 
Seki was, save as to Takebe’s work, one of relative quiet, of 
the gathering up of the results that had been accomplished 
and of putting them into usable form, or of solving problems 
by the new methods. In the history of mathematics such a 
period usually and naturally follows an era of discovery. 

So we have Nishiwaki Richyu publishing his SanipD Tengen 
Roku in 1714, setting forth in simple fashion the “celestial 
element” and the yenda 7 i algebra.^ In 1722 Man-o Tokiharu 
published his Kiku BimtD Shu, in which he treated, among 
other topics, the spiral. In 1715 Hozumi Yoshin published his 


Endo, Book II, pp. 57, 59. 
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Kagahi Sampo, the usual type of problem book. In 1716 
Miyake Kenryu published a similar work, the Guwd Savipo. 
He also wrote the Sfiojutsit Sangakit. Ziiye, of which an edition 
appeared in 1795 (Fig. 32). In this he seems to have had 
some idea of the prismatoid (Fig. 33). In 1718 Ogino Nobu- 
tomo wrote a work, the Kiku Gempo Choken^ that has come 
down to us in nine books in manuscript form, — a very worthy 



Fig. 32. From Miyake Kenryu’s Shojuisu Satigaku Zuyc (1795 edition). 

general treatise. Inspired by Hozumi Yoshin’s work, Aoyama 
Riyei published his Chugaku Sampo in 1719, solving the 
problems of the Kagaku Sampo and proposing others. These 
latter were solved in turn by Nakane Genjun in his Kanto 
Sampo (1738), by Nakao Seisei in his Sangaka Bemmd, and 
by Iriye Shukei in his Tange 7 i Sampo (1759). Mention should 
also be made of an excellent work by Murai Mashahiro, the 
RyocJii Shman, of which the first part appeared in 1732. The 
work was a popular one and did much to arouse an interest 


IX. The eighteenth Century. 



Fig. 33 . From Miyake Kenryu’s Shojutsu Sangaku Zuye (i79S edition). 


IX. The eighteenth Century. 


1 66 

in the new mathematics. The problems proposed by Nakane 
Genjun were answered by Kamiya Hotei in his Kaisho Sainpo 
(1743), by Yamamoto Kakuan in his Sanzid, and by others. 
To the same style of mathematics were devoted Yamamoto’s 
Ydkyoku Sampo (1745) and Keiroku Smnpd (i 74 ^)p Takeda 
Saisei’s Sembi Sampo (1746), Imai Kentei’s Meigen Sampo 
(1764), and various other similar works, but by the close of 
the eighteenth century in Japan, as elsewhere, this style of 
book lost caste as representing a lower form of science than 
that in which the best type of mind found pleasure. Mention 
should also be made of Baba Nobutake’s Shogaku Temnon of 
1706, a well-known work on astronomy, that exerted no little 
influence at this period (Fig. 34). 

Of the writers of this general class one of the best was 
Nakane Genjun (1701 — 1761), whose Kanto Sampo (1738) 
attracted considerable attention. His father, Nakane Genkei 
(1661 — 1733), was born in the province of Omi, and studied 
under Takebe. He was at one time an office holder, but in 
earlier years he practiced as a physician at Kyoto. His taste 
led him to study mathematics and astronomy as well, and he 
seems to have been a worthy instructor for his son, who thus 
received at second hand the teachings of Seki’s greatest pupil. 
Some interesting testimony to his standing as a scholar is 
given in a story related of a certain feudal lord of the 
Kyoho period (1716 — 1736), who asked a savant, one Shiiiozaki, 
who were his most celebrated contemporaries. Thereupon 
the savant replied: “Of philosophers, the most celebrated are 
Ito Jinsai and Ogyu Sorai,* of astronomers, Nakane Genkei 
and Kurushima Kinai;^ in calligraphy, Hosoi Kotaku and 
Tsuboi Yoshitomo; in Shintoism, Nashimoto of Komo; in poetry 
Matsuki Jiroyemon; and as an actor, Ichikawa Danjyuro. Of 
these, Nakane is not only versed in astronomy, but he is 
eminent in all branches of learning.”^ 

Nakane the Elder also published several astronomical works, 


1 Or Kurushima Yoshita. 

2 K. Kano’s article in the Honcho Siigaku Koenshu^ 1908, p. Ii. 



Fig. 34. From Baba Nobutake’s Shogaku Tenmon (1706). 


and composed a treatise in which a new law of musical 
melodies was set forth.’^ Through the Chinese works and the 


This was the Riisugen Jlakki, a work on the description, of measures. 




writings and translations of the Jesuit missionaries in Chir 
he was familiar with the Ituropean astronomy, and he r 
cognized fully its superiority over the native Chinese theory. [■ 
was prominent among those who counseled the Shogun Yost 
mune to remove the prohibition against the importation ar 
study of foreign books, and by order of the latter he is said i 
have translated Mei Wen-ting’s IJ-sudu In i/n 1 

was given a post in the mint at Osaka, and in 1721 became coi 
nected with the preparation of the official calendar.'* In piv 
mathematics he wrote but one work that was jiublished, tl 
S/ikhip Beki Yens/nkL^ although by all testimony he was < 
able mathematician. One of his solutions, appearing in Takebt 
Fukyii Tcisihjntsu (1722), is that of an interesting indetermina 
equation. Tlie problem is to find the sides of a triangle th 
shall have the values //, // 4 i, and // 4- 2 , and such that tl 
perpendicular upon the longest side from the opposite verb 
shall be rational. Nakane solves it as follows: 

When the sides are r, 2, 3, the perpendicular is evident 
zero. 

Taking the cases arising from incrca.sing these values su 
ces.sivcly by unity, the following tri ingles satisfy the conditior 

3 13 m 

4 14 *94 

5 15 53 195 

If we represent these values by axJ>i,Cx\ rj,; qg . 
it will readily be seen that 

and similarly for the k's and and lienee we have t 
required solution. Whether or not he made the inducti 
complete does not, however, ap|)car. 

^ See i>age 19. 'Fhe work is in the library of the Kmperor. 

« For this purpose he spent half of his time in Vecio, the rest bei 
spent in Kyoto. 

3 It was printed in 1691 and reprinted in 179B. 
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It is also related that Takebe was asked in 1729, by the 
Shogun Yoshimune, for the solution of a certain problem on 
the calendar. Takebe, recognizing the great ability of the 
aged Nakane, asked him to undertake it; but he, feeling the 
infirmities of his years, .passed it in turn to his son, Nakane 
Genjun. The result was a new method of solving numerical 
higher equations by successive approximations that alternately 
exceed and fall short of the real value, a method that was 
embodied in the Kaihd Yeijikit-jutstt'^ written by Nakane 
Genjun in 1729* The problem proposed by the Sh 5 gun is as 
follows:^ “There are two places, one in the south and one in 
the north, from which the elevation of the pole star above 
the horizon is 36^"* and 40^75' respectively. At noon on the' 
second day of the ninth month in a certain year the shadows 
of rods 0.8 of a yard high were 0.59 of a yard and 0.695 of 
a yard, respectively, and at the southern station the center of 
the sun was 36^37' distant from the zenith at noon on the 
day of the equinox. Required from these data to determine 
the ratio of the diameter of the sun's orbit to the diameter of 
the earth, considering the two to be concentric.'^ 

The solution of this problem is too long to be given here, 
but that of another one in the same manuscript may serve to 
illustrate Nakane's methods. “Given a circle in which are 
inscribed two equal smaller circles and another circle which 
we shall designate as the middle circle. Each of these four 
circles is tangent to the other three; the difference of area 
between the large circle and the three inscribed circles is 120, 
and the diameters of the middle and small circles differ by 5. 
Required to find the diameters.” 

Nakane lets /, s, stand for the respective diameters of 
the large circle, middle circle, and small circles. 

Then + S 

and {s + my — an arbitrary abbreviation. 


1 Literally, Method of Increase and Decrease in the Evolution of Equations. 

2 From a manuscript of 1729. 
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Then 

and 


{a + 


— 'Zs^ — in^ = 102 : “ • 


4 

He then assumes that ^1 = 7.5, 

whence, from the above, the two sides of the equation becoi 
150.0654 and 152.788, 


their difference, ^1, being 2.723. 
He next tries ^2 *= 7*6, 


whence, as before. 
He then takes 


d. ^ — 0.37811. 
•"3 = 

S2 — Si 


whence as before, ~ ^2= —0.028246. 


7.5878, 


He now proceeds as before, taking 


*^’4 — S2 


dz 

dz — <^3 


7.5868..., 


Sz — .^3 

and in the same way he continues his approximations as i 
as desired. 

Not only did Nakane the younger study with his father, t 
he also went to Yedo (Tokyo) to learn of Takebe and 
Kurushima. Returning to Osaka he succeeded his father in t 
mint, and in 1738 he published the Kanto Sampo followed 
1741 by an arithmetic for beginners under the title Kmija Otc 
Zdskid- In this latter work the mercantile use of the Sorob. 
is explained (Fig. 35) and the check by the casting out 
nines is first used in multiplication, division, and evolution 
Japan. He died in 1761 at the age of sixty. 

The most distinguished of Nakane Genkei's pupils was K 5 i 
Shin-yei, who excelled in astronomy rather than in pu 


X Literally, A Companion Book for Arithmeticians. 
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Fig, 35. From Nakane Genjun’s Kanja Otogi Zoshi (1741). 

mathematics, and who died in i/S^* Among Kodaks pupils 
were Iriye Shukei, Chiba Saiyin (c. 1770), and Imai Kentei 
(1718 — 1780). Imai Kentei, who left several unpublished manu- 
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scripts, had as his most prominent pupil Honda Rimei (17; 
1828)/ a man of wide learning and of great influence in 
cation. Honda numbered among his pupils many distinguij 
men, including Aida Ammei, Murata Koryu, Kusaka Sei, Mo^ 
Tokunai, Sakabe Kohan, and Baba Seitoku. He gave n 
attention to the science of navigation and to public affairs, 
even advocated the opening of Japan to foreign trade, 
was familiar with the Dutch language, and made some atte 
at mathematical research,^ and to his influence Mamiya Ri 
the celebrated traveler, acknowledged his deep indebtedne 
Another prominent disciple of Takebe’s was Koike Yi 
(1683 — 1754 ), a sanmrai of Mito, where he presided over 
Shokokzvau or Institute for Historical Research. By ordc 
his lord he went to Yedo and learned mathematics from Tak 
acquiring at the same time some knowledge of astronom} 
His successor in the Shdkdkivan at Mito was Oba Ke 
(1719—1785), but neither one contributed anything to ma 
matics beyond a sympathetic interest in the progress of 
science. 

Among the pupils of Nakane Genjun, and therefore of 
Takebe branch of the Seki school, was Murai Chuzen, a K] 
physician. He wrote a work entitled the Kaishd Te 7 npei Sar* 
(1765) which treated of the solution of numerical hi| 
equations. Three years later one of his pupils, Nagano Sc 
published a second part of this work in which he attem] 
to explain the methods employed in the solutions. For exan 
Murai takes the equation 

6726 — 373 ^ o . 

He then finds the relation 

373 - 372.1 - I, 


1 Also known as Honda Toshiaki. 

2 Ozawa, Lineage of mathematicians (in Japanese), and the epitaph on Hoi 
tomb. 

3 Literally, The Posting of Soldiers in the Evolution of Equations. 

4 Endo, Book 11 , pp. 137 — 139. 
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and multiplies the 372 into the absolute term (6726) and then 
subtracts 373 as often as possible, leaving a remainder 361.^ 
This remainder is added to 6726 and the result is divided by 
373, the quotient, 19, being a root 
Similarly, in the equation 

— 25233 — 22S4X + 2S;ir3 = o, 

Murai claims first to take the relation 

2284 X 1 1 25?;/ = — I, 

and states that he multiplies ii into the absolute term, sub- 
tracting 2284 from the product until he reaches a remainder, 
which is the root required, a process that is not at all clear. 
Of course the method is not valid, for in the equation 

;tr2 — 8;ir + 1 5 = O 

it gives 2 instead of 3 or 5 for the root. Murai must have 
been aware that his rule was good only for special cases, but 



I Briefly, 372x6726 == 2,502,072, and 2,502,072 -f- 373 = 6707 with a 
remainder 361. 
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37* The Pascal triangle as given in Murai’s 
Sampo Ddshi~mon (l 78 l\ 


he makes no mention of this fact Nevertheless he assiste 
in preparing the way for modern mathematics by discouragin 
the use of the sangi^ which were already beginning to be looker 
upon as unwieldy by the best algebraists of his time. 

Murai also wrote a Sampo Doshi-jnori^ or Arithmetic for th 
Young (see Figs. 36—38), which was intended as a seque 



IX5The eighteenth Century. 


175 



Fig. 38. From Murai’s Samp^ Doshi-mon (1781)* 


to the Kanja Otogi Zdshi of Nakane Genjun. The work 
appeared in 1781, and contains numerous interesting pictures 
of primitive work in mensuration (Fig. 36)^ and the Pascal 
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triangle (Fig. 37). It is also noteworthy because of its treat- 
ment of circulating decimals. The problem as to the number 
of figures in the recurring period of a unit fraction was first 
mentioned in Japan by Nakane in his Kanto Sampo (1738) 
and solutions of an unsatisfactory nature appeared in Ikebe’s 
KaisJw Sampo (1743) and in Yamamoto’s Samiii (174S). Na- 
kane’s writings upon the problem were no longer extant, so 
that Murai had practically the field before him untouched, 
although he really did little with it. His theory is brief, for 
he first divides 9 by 2, 3, ... 9, getting the figures 45, 3, 225, 
18, IS, ;t-' (not divisible), 1125, i, — without reference to the 
decimal points. He then concludes that if unity is divided by 
45, 3, 225, . . ., the result will have one-figure repetends. Simil- 
arly he divides 99 by 2, 3, ... 9, getting the figures 495, 33, 
247s, 189, . . ., and then divides unity by these results, getting 
two-figure repetends. 

In his explanation of the use of the soroban Murai gives 
certain devices that his predecessors had not in general used. 
For example, in extracting the sqUare root he divides half of 
the remainder by the part of the root already found, which 
he evidently thought to be a little easier on the soroban than 
to divide by twice this root. In treating of cube root he 
proceeds in an analogous fashion, dividing a third of the 
remainder twice by the part of the root already found. We 
have said that these devices had not been used in general 
before Murai, but they had already been given by at least one 
writer, Yamamoto Hifumi, in his Hayazaji Tebikigusa^ in 1775. 

Contemporary with Nakane Genkei, and a friend of his, 
was a curious character named Kurushima Yoshita, a native 
of Bitchu, at one time a retainer of Lord Naito, and a man 
of notorious eccentricity and looseness of character. It is 
related of him that when he had to leave Kyushu to take 
up his residence in Yedo, he used all of his mathematical 
manuscripts to repair his basket trunks for the journey. Fie 
must, however, have been a man of mathematical ability. 


I Literally, Handbook of Rapid Calculations. 
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for he was the friend not only of Nakane but also of Matsunaga, 
and he had at least one pupil of considerable attainments, 
Yamaji Shuju. He died in 1757. Among the fragments of 
knowledge that have been transmitted concerning him is a 
formula for the radius r, of a regular 7 i-goii of side Sy ex- 
pressed in an infinite series.^ 

Kurushima also knew something of continued fractions, since 
in Ajima’s Fukyu Sampo'^ and other works it is shown how 
he expressed a square root in this manner, with the method 
of finding the successive convergents. This seems to have 
been an invention made by him in 1726.2 It is repeated in a 
work written in 1748 by Hasu Shigeru, a pupil of one Horiye 
who had learned from Takebe. In the preface Horiye says 
that the method is one of the most noteworthy of his time.^ 

Kurushima was also interested in magic squares, and his 
method of constructing one with an odd number ol cells is 
worth repeating.s 

The plan may briefly be described as follows: 

Let 71 be the number of cells in one side. Arrange the 


1 Endo, Book II, p. 1 12; Kawakita in the Honcho SUgakti JCoenshuy p, 6. 
On the life of Kurushima there is a manuscript (Japanese) entitled Tea 4 abk 
Stories told by Yamaji. This formula was first published in Aida Ammei’s 
Sampo Kokon Tsitran (General View of Mathematical Works ancient and 
modern), 1795 , Book VI. It appears again in Chiba’s Sampo Shinsho (New 
Treatise on Mathematical Methods). See Fukuda, Sampo Tamatebako. Book II, 
p. 33; Endo, Book III, p. 33. Kurushima also wrote the Kyushi Hohai So 
(Incomplete Fragments on the arc of a circle) in which he treated of the 
minimum ratio of an arc to its altitude. It exists only in manuscript. In it 
is also some work in magic cubes. 

2 In manuscript, compiled by Kusaka. 

3 Possibly Takebe was the first Japanese to employ continued fractions, 
in his Fukyu Teisujutsu (1722). See also the Taisei Sankyd, where they are 
found. But their application to square root begins, in Japan, with Kurushima. 
C. Kawakita relates in the SiigaPu Hochi that this was done in the first 
month of 1726. 

4 Horiye’s preface to PlASU’s Heihd Reiy'aku Genkai, 1748, in manuscript. 
See also Endo, Book II, p. 105. 

5 It is given in his. manuscript Kyiishi Jkd (Posthumous Writings of Kuru- 
shima), Book I. 
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numbers i, n\ n, and k = ^-x—n as in the figure, Tht 

take — («“ + i) as the central number, and from this, alor 

A C 



CD, arrange a series decreasing towards C and increasii 
towards D by. the constant difference n. Next fill the ce 
along the oblique lines through n and and through i ai 
k, according to the same law. Now fill the cells along A 
and the two parallels through 7 i and i, and through 11^ and 
by a series decreasing towards A and increasing towards B 1 
the constant difference i. The rest of the rule will be appare 
by examining the following square: 


22 

47 

16 

41 

10 

35 

4 

5 

23 

48 

17 

42 

r I 

29 

30 

6 

24 

49 

18 

36 

12 

13 

31 

7 

25 

43 

19 

37 

38 

14 

32 

I 

26 

44 

20 

21 

39 

8 

33 

2 


45 

46 

IS 

40 

9 

34 

3 

28 










IX. The eighteenth Century. 


179 


It is also worthy of note that Kurushima discussed^ the 
problem of finding the maximum value of the quotient of the 
altitude of a circular segment by its arc. In this there arises 
the equation 

4 — X -I 

3-6 3.5x6.$ 3.5.7x6.8.10 

“ F- 5 - 7 - 9 X 6 . 8 . 10.12 + •••== O- 

He speaks of this as an "^unlimited equation*’, and after a 
complicated solution he reaches the result, 

^'=S*434i3i504304- 

Mention should also be made of a value of rr* given by 
Kurushima, -^^5 ; hut his method of obtaining it is not known.* 

In the first half of the eighteenth century there lived in 
Osaka one Takuma Genzayemon, concerning whose life and 
early training we know practically nothing. Some have said 
that he learned mathematics in the school of Miyagi, but all 
that is definitely known is that he established a school in 
Osaka. He is of interest because of his work upon the value 
of TT, a problem that he attacks in the Dutch manner of a 
century earlier. He seems to have been the only mathe- 
matician in Japan who used for this purpose the circumscribed 
regular polygon as well as the inscribed one of a large number 
of sides. He bases bis conclusions upon the perimeters of 
polygons of 17,592,186,044,416 sides which he stated to be 

3.14159 26535 89793 23846 26433 6658, 

3.14159 26535 89793 23846 26434 67. 

He takes the average of these numbers, and thus finds the 
value correct to twenty-five figures. It is related that this 
was looked upon as one of the most precious secrets of his 


1 In his manuscript entitled Kyiishi Kohai-sd. 

2 End 5 , Book II, p. 127. It is found in manuscript in the posthumous 
writings of Kurushima. 
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school-’^ The most distinguished of Takuma’s followers was 
Matsuoka Noichi (or Yoshikadsu), who published a very usable 
textbook in 1808, the Sampd Keiko Taizen^ 

Mention has already been made of Matsunaga Ryohitsu,^ 
but his work is such as to merit further notice. One of his 
most important treatises is embodied in a manuscript called 
the Sampo Shusei,"^ consisting of nine books of which the first 
five are devoted to indeterminate analysis as applied to questions 
of geometry. He considers, for example, the Pythagorean 
triangle of sides a, b, and hypotenuse c, and lets 

a ^ 2 m i, c — b = 2 n, 

whence 

^ ^ ^ ^2 — ^2 ^2 __ (2 w + 1)2 

c — b c — b 2, n ’ 

whence b and c assume the form 

+ + + u. 

Hence the three sides may be represented by 

4^2 { 2 m + i), { 2 m + i)® — 422% {zm + i)" ■!• 4«^ 

He also attacks the problem by letting the perpendicular p 
from the vertex of the right angle cut the hypotenuse into 
the segments c' and c\ He then gets 

{c"^ -\-p^) — {c^ + 

= (/' + c') {c"-~~c')===c (/' 

2 ab c. 2 p, 

and 22* + 

Then since we have 

{c'" --c'Y + {zpY 

1 £ndo, T., On the developmetii of ihe mensuration of (he circle in fapan 
{in Japanese), Rigakkaij Book III, no. 4. 

2 Literally, A Complete Treatise of mathematical instruction. 

3 See page 158. The name also appears as Matsunaga Yoshisuke. 

4 Literally, A Collected Treatise on mathematical methods. It is undated. 
His Hoyen Sankyo is dated 1739 in one of the prefaces and 1738 in another. 
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whence the sides of a right triangle may be represented by 

2 ab, and 

Matsunaga was, like most of his contemporary geometers, 
interested in the radius of the regular polygon of ?i sides, each 
side being equal to .y. His formula, 

^2 ^ 62370^4 -p 107480^2 q. 835 77 ^ 

2462268^2 — 3857400 ^ 

is claimed to give the radius correct to six figures/ A more 
complicated formula, requiring the extraction of a seventh root, 
is given in Irino Yosho’s Kakuso Samps (1743), but it is no 
more accurate. 

Still another formula of this nature is given by Matsunaga’s 
pupil Yamaji Shuju (1704 — 1772)^, 

(1517621639810;^^ + 1004974720807/2^ 

+ 166374503856/2+) (59913200861841/2'^ 

— 157432047580066/2++ 13s 529756473 206 /22 

— 35692069491815). 

Such efforts, however, are interesting chiefly for the same 
reason as the Japanese ivory carving of spheres within spheres, 
— examples of infinite painstaking. Yamaji was a native of 
the province of Bitchu, and later he became a samurai of the 
shogunate, serving as assistant in the astronomical department 
He first studied under Nakane, and upon Nakane's leaving 
Yedo for Kyoto he came under the latte/s friend Kurushima. 
When Kurushima moved to Kyushu, Yamaji became a pupil 
of Matsunaga. He was thus, as he relates in his Tea-table 
Stories, privileged to know the mathematical secrets of three 
of the best teachers of Japan. While he was not himself a 
great contributor to the science, he proved to be a great 
teacher, so that when he died not a few sucessful mathe- 

1 The reader may consider it for n — 4, s = ]/^, r——. It is also given 

2 

in Arima's Hbyen Kiko (1766), but credit is there given to Matsunaga. See 
also Endo, Book II, p. 109. 

2 Arima, Hoyen Kikd\ Endo, Book II, p. 1 08. 
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maticians were counted among his pupils, including Lord Arin; 
Fujita, and Ajima. It is possible that the Kenkon no Ma 
was written by him, and also the Kohai no Ri and oth 
manuscripts on the yenri, but the Gyokuseki Shin-jutsu ^ is tl 
only work of importance that is certainly his. In this is givi 
a treatment of the volume of the sphere by a kind of integr 
tion much like tha.t to be found in the anonymous ^ Kigenki 

Of Yamaji’s pupils the first above mentioned was Arim 
Raido (1714 — 1783), Lord of Kurume in Kyushu. It was I 
it will be recalled, who first published the tenzan algebra th 
had been kept a secret in the Seki school since the days 
the founder. His SJiuki Sainpo in five books was published 
1769 under the no 7 n de pLimie of Toyota Bunkei, possibly tl 
name of one of his vassals. The work must certainly ha' 
been Arima’s, however, since only a man in his position wou 
have dared to reveal the Seki secret. In this treatise Arin 
sets forth and solves one hundred fifty problems, thus beii 
the first noted writer to break from the old custom of solvii 
the problems of his predecessors and setting others for tho 
who were to follow. His questions related to indetermina 
analysis, the various roots of an equation, the algebraic trea 
ment of geometric propositions, binomial series, maxima ar 
minima, and the mensuration of geometric figures, includir 
problems relating to tangent spheres (Fig. 39). The curioi 
Japanese manner of representing a sphere by a circle with 
lune on one side is seen in Fig. 39. In this work appears 
fractional value of tt, 

TT = 4282 2 459 33 49 304 

13630 81215 701 17 ’ 

that is correct to twenty-nine decimal places. Arima also wro 
several other works, including the HOyen Kikd (1766)*^ and tl 
SJiosa Sanyo (1764), but none of these was pubHshed. 

1 Literally, The Exact Method for calculating the volume of a sphere. 

2 Or Yenri Kenkofi Sho. 

3 Not Akima, his ancestor, as is sometimes stated. 

4 In this is also given the value of it mentioned above, and the pow< 
of TT from TC2 to 1122 for the first thirty-two figures. 
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Among the vassals of Lord Arima was a certain Honda 
Teiken (1734— 1807), who was born in the province of Musashi. 
He is known in mathematics by another name, Fujita Sadasuke, 
which he assumed when he came to manhood, a name 
that acquired considerable renown in the latter half of the 
eighteenth century. As a youth he studied under Yamaji, and 
even when he was only nineteen years of age he became, on 



39 * From Arima’s Shuki Sampo (1769). 


Yamji's recommendation, assistant to the astronomical depart- 
ment of the shogunate. For five years he labored acceptably 
in this work, but finally was compelled to resign on account 
of trouble with his eyes. Arima now extended to him a cordial 
invitation to accompany him to Yedo, whither he went for 
service every second year, and to act as teacher of arithmetic.^ 
Here he published his Seiyd Sampd (1779), a work in three 
books, consisting of a well arranged and carefully selected set 
of problems in the tenzan algebra. This book was so clearly 
written as to serve as a guide for teachers for a long time 
after its publication. In Fig. 40 is shown one of his problems 


^ Kawakita, in the Honcho Sugaku Koenshu, 1908, p. 8. 
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relating to Laurent spheres in a coiic, Fujita also \jublished 
several other works, including the Kaisei Toigcn Shinan (1792)/ 
and wrote numerous manuscripts that were eagerly sought by 
the mathematicians of his time, although of no great tnerit on 
the ground of originality. He died in 1807 at t\^e age of | 

sevent3^-two 3'ear.s, respected a.s one of the leading mathe- 
maticians of his day, although he did not merit any such 
standing in spite of his undoubted excellence as a teacher. 

Fujita's .son Fiijita Kagcn 
(1765 — 1821) was also a inathe- 
maliciaii of some prominence. | 

He published in 1790 his Shim- ’ 

pekiSampo (Mathematical Prob- 
lems suspended before the 
Temple),® and in 1806 a sequel, 
the Zokif Shimpehi Sampo. 

The significance of the name ^ 

is seen in the fact that the I 

work contains a collection of 5 

problems that had been hung 
before various temples bj^ \ 

certain mathematical dcvotce.s i 

between 1767 and the time 
when Fujita wrote, together 
with rules for tlicir solution. This ' 

strange custom of hanging 
problem.^ before the temples originated in the .seventeenth cen- 
tury, and continued for more than two Jumdred ycai-s. It 
may have arisen from a desire for the prai.se or approval of 
the gods, or from the fact that this was a convenient means 
of publishing a discovery, or from the wish to challenge others 
to solve a problem, as European students in tiic Middle Ages 
would post a ihc.sis on the door of church. A few of these 



Fig. 40. From Fujitn Saclasiikc’s 
Seiyo Sampo (l779)‘ 


j 




J We follow FmlO. IJayasIti gives 1793. 

3 '1‘liere was n second edition in 1796, with some addition.*?. 
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problems arc iiere translated' as specimens of tlie work of 
Japanese mathematicians at the close of the eighteenth ccntiuy. 

''There is a circle in which a triangle and three circles, 
yl, B, C, are inscribed in the manner shown in the figure. 



Given tlie diameters of the three inscribed circles, required the 
diameter of the circumscribed circle.*^ The rule given may be 
abbreviated as follows: 

Let the respective diameters be x, y, and and let xy=^(t. 
Then from take Divide a by this remainder 

and call the result d. Then from take and divide 

0.5 by this remainder and add 4 and them multiply by 8 
and by a. The result is the diameter of the circumscribed 
circle.* To this rule is appended, with some note of pride, the 
words: "Feudal District of Kakegawa in Ycnslul Province, 
tliird montii of 1795, Miyajima Sonobei Keichi, j*mpil of P'ujita 
Sadasuke of the School of Scki/‘ 

Another problem is stated as follows: “Two circles are cle- 
scrihedj one inscribing and the other circumscribing a quadri- 


» From the edition of 1796. 
a That is 

r .ry__ , _ 0.5 

^ 1. — C( ' — «]* (» + J-) 2 — 
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lateral. Given the diameter of the circumsciibed circle and 
the product of the two diagonals, required to find the diameter 
of tlie inscribed circle.” I'he problem was solved by Ko* 
bayashi Koshm in 1795, and the relation was established that 

t. 

where ^ the diameter of the inscribed circle, ^ the dia- 
meter of the circumscribed circle, and /=the given product/ 
A third problem is as follows: “There is an ellipse in which 
five circles arc inscribed as here shown. T'ho two aKCS of 



tlie ellipse being* a and & it is required to find tlie diameter 
of the circle The solution as given by Sano Ankd in 
17B7 may be expressed as follows: 

26^ 

+ 1/(3 

Another problem of similar nature is shown in Fig. 41, from 
the Shimpeki Santpo (1806). 

A style of problem .somcwliat similar to one already mention- 
ed in connection with Arima was studied in 1789 by Hata 

< For the case of a square of sule 2 we have 2 |/i 6 ^ S. 
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Kig. 41. From ilic SaM/<^ (1806). 


Judo, as follows: There is a sphere in which are inscribed, as 
in tlic figure, two spheres A, two B, and two C, touching each 



oti\er as shown. Given the diameters of A and C, required 
to find the diameter of B,*" The solution given is 


O + i/f)- 


d 6n 
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CoiUemporary witii Fujita Saclasuke was Aida Anirnd (1747 — 
1817), who was born at Mogami, in nortlvcastern Japan. Like 
Seki, Aida early showed his genius for mathematics, and while 
still young he went to Yedo where he studied under a certain 
Okazaki, a disciple of the Nakanishi school, and also under 
Honda Rimci, although he used later to boast that lie was a 
self-made mathematician, and to assume a certain conceit tluit 
hardly becauie the scholar. Nevertheless his ability was such 
and his manner to his pupils was so kind that he attracted 
to himself a large following, and his school, to which he gave 
the boastful title of Superior School, became the most popular 
that Japan had seen, save only Seki’s. Aida wrote, so his 
pupils say, about a thousand pamphlets on mathematics, 
although only a relatively small number of his contributions 
are now extant He died in 1817 at the age of seventy years.* 

One of Aida’s works, the Tosei Jhikoki (1784) deserves 
special mention for its educational significance. In this he 
discarded the inherited j>roblenis to a large extent and sub- 
stituted for them genuine applications to daily life. The result 
was a great awakening of interest in the teaching of malhe- 
niatics, and the work itself was very succc.ssful. 

Soon after the publication of this work there arose an un- 
fortunate controversy between Aida and Fujita Sadasuke, at 
that time head of the Seki School. The story gocs^ that 
Aida had at one time asked to be admitted to this school, 
but that Fujita in an imperious fashion had told him that first 
he must make haste to correct an error in his solution of a 
problem that he had hung in the Shinto shrine on Atago hill 
in Shiba, 1 okyo. Aida promptly declined to change his solution 
and thus cut himself ofif from the adv^antages of study in the 
Seki school. While Aida admits having visited Fujita he saj'S 
that he did so only to test the latter’s ability, not for the 
purpose of entering the school. 

1 A.S siAied upon his luonumeuL See also C. KaWakvi'A in U\e lionchd 

1 908, 

2 This account Is digested from the works of variows wv iters who were 
drawn into the controversy. 
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As a result of all this unha])py discussion Aida was much 
embittered against the Seki school, and in particular he set 
about to attack the SampO which Fujita Sadasuke had 

published in 1779 - For this purpose he wrote the Kaisei 
Sampo, OK Improved Seiy 6 SampOy and published it in 1785, 
criticising severely some thirteen of Fujita*s problems, and starting 
a controversy that did not die for a score of years. Fujita’s 
pupil, Kainiya Kdkichi Teirei, then wrote in the former^s defence 
tlie Kaisci SampO Seiron^ and sent the manuscript to Aida, to 
whicli tlie latter replied in his Katsei Sampo Kaisci'^ron which 
appeared in 1786. Kamiya having been forbidden by Fujita 
to ptiblisli hi.s manuscript, so the story runs, he prepared 
another essay, the Hukaisci Sampo which also appeared about 
the same time, the exact date being a subject of dispute. Of 
the replie.s and counter-replies it is not necessary to speak at 
length, since for our purposes it suffices to record this Newton- 
Leibnitz quarrel in miniature.^ It was in one sense what is 
called in Englisli a ‘"tempest in a tea-pot”; but in another sense 
it was more tiian that, for it was a protest against the claims 
of the Seki school, of the individual again.st the strongly 
entrenched guild, of genius against authority, of struggling 


* For pinposes of reference ihe following books on the controversy are 
mentioned: Fujita wrote a reply to Aida in 1786, which was never printed. 
Aida wrote I he Kaixvaht Sampo In 1788, replying to the Ili-kahei Sampo. 
Fujita wrote a rejoinder, the Jirkaiwaku SnmpOy but it was never printed, 
Kamiya published the Kahmkit Bengo in 1789, replying to Aida. In 1792 
Afda wrote the Shimpeki Shi/tJtifSH in which he critfclsed the Skimpeki Sampd 
of Fujlia’s son, and also wrote the A'oisei .Saw/J yVwi/zo in which he criticised 
Fujita’s Seiyd Saniporh\x\. neither of these was printed. In 1795 be wrote 
his Sampo Kal'ujo, an abusive reply to Kanuya, but in the same year he wrote 
the Sampo Kokon 'is ft ran (General view of mathematical works, ancient and 
modern) in which he has something good to say of him. In 1799 Kamiya 
wrote an abusive reply to Aida, the Hatsttran Sampo. The last of the pLil>lishc(l 
works by the contestants was Aida’s IH'IIaUuran Sampo of 1801, although 
r)ic i:QaUo\Qr%y sHll went on in unpubJished manuscripts. The manuscripts 
include Kaniiya’s Ftihaei Sampo (1803) and Aida^s Sampfo Senn Dolkd (1804). 
Mention should also be made of the Sampo Tonsho kb Shinan (l8ll) written 
by Aida, of which only the first part (5 books) was printed. 
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youth against vested interests; it was the cry of the insurgent 
who would not be downed by the abuse of a Kamlya wlio 
clianipiotted tlic cause of a decadent monopoly of mathc* 
matical learning and teaching It was this that inspired Aida 
to act, and of the dignity of his action these words, from a 
preface to one of his works, will bear witness: “The SeiyO 
SampO^ treats of subjects not previously worked out^ and 
certain of its methods have never been surpassed. The author's 
skill in mathematics may safely be described as unequalled in 
all the Empire. Upon this work the student may in general 
rely, althougl'i it is not wholly free from faults. Since it would 
be a cau.se of regret, liowcver, if posterity should be led into 
error through these faults, as would be the natural influence 
of so great a master as Fujita, I have taken the trouble to 
compose a work winch I now venture to offer to the world 
as a guide." Such words and others in recognition of Fujita's 
merits did not warrant the abu.se that Kamiya heaped upon 
Aida, and the impression left upon the reader of a century 
later is that of a staunch champion of liberty of thouglit, com- 
batted by the unprovoked insults and unjust scorn of vested 
inlere.sts. Fujita seems to have solved his problems correctly 
but to !\ave expressed !us work in cumbersome notation,* 
while Aida stood for simplicity of expre.ssion. Neither was 
in general right in attacking the solutions of the other, and in 
the heat of controversy each was led to .statements tliat were 
incorrect. The whole strviggle is a rather sad commentary on 
the state of mathematics in the waning days of the Seki school 
when the trivial was magnified and the large questions of 
mathematics were forced into the background. 

Aida was an indefatigable worker, practically his whole life 
having been spent In study. As a result he left hundreds of 
manuscripts, most of which suffered the fate of so many 


» Fuji fa’s work of 1779. 

* As compared uitVi Uial of Aida, although an improvement upon that 
of liis predecessors. 
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thousands of books in japan, the fate of destruction by fire.' 
Of tile contents of the Sampo Kokon Tsnran (1795) already 
mentioned, only a brief note need be given. In Hook VI Aida 

givc.s the value of •” as follows: 


. j. -i- -IL X 3! , 4-‘ _ . 

He gives a series for the length of an arc x in terms of the 
chord . ^ and height h thus: 


. 2 2.4 . 2.4.6 , 

.r ^ (I + — in + •: „• ni + r-T 
^ 3 3-5 3 ‘ 5*7 




where m 


//? 

and d is the diameter of the circle. In the same work he 
gives a formula for the area of a circular segment of one 
baser 

he . % , 2.4 , 2-4-0 X 


Aida also gave a solution of a problem found in Ajimas 
Fukyu Sanipo^ as follows: Tlie side of an equilateral triangle 


is given as an integer It is 
required to draw the lines 
Sz, ...» parallel to one side, 
such that the p's, and 
•as shown in the figure shall 
all have integral values. 

Ajima had already solved this 
before Aida tried it, and this 
is, in substance, his solution: 
IDecompose n into two factors, 
a and which are either 
both odd or both even. If this 
impossible. The rules are now, 
follows : 



cannot be done a solution Is 
as expressed in formulas, as 


I KaWakitVs article in tlie Jfoncho Sui;paku Koenshu, p. 13. 
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/. = /!•' — rt', 
pi ~ Pt 

j, == H — 

< 7 » -^qt -^M-p,, 


Qi = (/’ — ay — lea, 
Pi^^ -tt— D, ... 

= Si Pi, . • . 

~ qi l^l ~ pi. 


where k=^(a-\r d), 11= ^ {/> - «/, A'l = - D. 

A 2, 2 

When pr> ^ u it may be taken at once for and ;; — St 
for 

Aida objects to the length of such a rule^ and he proposes 
to solve the problem thus: 


Let ?i = ad, where aC^b. 


Then let 
Then 

Also let s 

1 

and we liave 


(a-D) {/,~D)=^Si, 
{a-2D) — jj, 

-K=P.., 


( a — , D\i / h — rj) \i 

V 2 V ”• •> ; 


= ‘7,- 


Aida also did some work in indctcnniiuite 
was the first to take up the permutation of 


equations* and 
mayic .squares. •} 


< Ajima does not tell what to do for j>, if (/ _ a)* < .<<1. 

C IIiTOM^ *' = -Jt* +-vj» I- 4-j* H-.i^a + .rjJ. See the article by 

serint r J 0 - '"‘ta’s manu- 


and 


1 * <,a + 2 J,r ,2 + 3 ».r,a q + 

2.r23 3.VjJ 1_ IOjtt,o=:^3. 


This mannscript was probably written not earlier than 1S07. 

stalemcn” ^ Kano, to whom we nre indebted for lh« 
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He also gives an ingenious method for expanding <a binomial, 
or rather for writing down the coefficients in the expansion 

of (a -I* which expresses roots in scries. 

One of the most interesting of Aida's solutions is that of 
the problem to find the radius r of a regular /i-gon of side s,' 
He says that of the infinite series representing — the successive 
terms are 


. [-(DK: 


['■-(1)'] [3' -(!)■] 


4 . 6 . 8 . TO 



[.-«-)■] [ 3 - (4)-] [>■ ay] 


4.6.8.10. 12. 14 


If we put m for — , and x for — , the scries becomes 


sin (w arc sin .v) 
.1* 


II 


m — 12) 

X 

31 


_ 12) [m* — p) — 

+ — - - 5 , + 


a series that has been attributed both to Newton and to Euler. 
We therefore have 

- = 2sui arc sm - j, 


or 


S . TT 

— =« 2 Sin — , 


whence sin ^ generally conceded that Aida knew 

that the formula had already been given in substance by 
Kurushima.^ It also appeared in Matsunaga’s floyen Sankyo 
of 1739. 

Prom the names considered in this chapter we might charac- 
terize the eighteenth century as one of problem-solving, of the 
extension of a rather ill-defined application of infinite series 


* hlAYASHf, //ts(ofy, part li, p. 13 . 

2 Sec p. 176. 

t3 
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to the mensuration of the circle, of some sliglU improvement 
in the various processes, of tlie rather arrogant supremacy of 
tlie Seki school, and of a bitter feud between the independents 
and the conservatives in the teacliing of mathematics. And 
this is a fair characterization of most of the latter half of the 
century. There was, however, one redeeming feature, and lliis 
is found in the work of Ajima Chokiiyen, of whom wc shall 
speak in the c])aptcr. 


CMAP'riiR X. 


Ajima Chokuycn* 

In tlie midst of lltc unseemly strife that waged between 
rujUa and Aida in the closing years of the eighteenth century 
there dwelt in peaceful seclusion in Yedo a mathematician who 
surpassed both of these contestants, and who did much to 
redeem the scientific reputation of the Japanese of liis period. 
A man of rare modesty, content with little, taking delight in 
the simple life of a scholar rather than in the attractions of 
office or society, almost unknown in the midst of the turmoil 
of the scholastic strife of his day, Ajima Manzo Chokuyen^ 
was nevertheless a rare genius, doing more for mathematics 
than any of his contemporaries. 

Me was born in Yedo in 1739, and as a mmnrai he served 
there under the Lord of Shinjo, whose estates were in the 
north-eastern districts. He was initiated into the secrets of 
mathematics by one Iriye OcluH, who had studied in the 
school of Nakanishi. Ho afterwards became a pupil of Yamaji 
Shujil, and at lliis time he came to know Fujita Sadasuke with 
whom he formed a close friendship but with whose controversy 
with Aida he never concerned himself. And so he received 
a training that enabled him to surpass all his fellows in solving 
the array of problems that had accunuilaled during the century, 
including all those which liad long becji looked upon as wholly 
insolulilc. Such a type of mind rarely extends the boundaries 
of mathemaucal discovery, but occasionally an individual is 


» See ftUo Uau'/xh, loc. cU,, \\ 3.1 ot Uie K\el reprint of 1905. 
^ Also given Irlo MftsiUnda. 
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found with this kind of genius wlio is at least able to help in ' 

improving science by his gcniiinc syini^atliy if not by his 
imagination. Such a man was Ajima. His interests extended 
from ienzan algebra to the i3iophantinc analysis, and from 
simple trigonometry to a new phase of the ymiri whicli had 
occupied so much attention llirougliout tlie century. Possessed 
of the genius of simj)Iicit3', he clothed in more intelligible foim 
the abstract work of his predecessors, even if he made no 
notewortiiy discovery for himself Although his rctiritig nature 
would not allow him to publish his works, he left many manu- 
scripts of which the more important may well occupy our ^ 
attention. He died in 1798 at the age of fifty-nine years/ 
honored b}' his fellows as a Aleijin^ (genius, or person dexterous I 
in his art) in the field in which he labored. \ 

In the Mnynki^ (1782) he gives a solution in integers 

of the problem of /i tangent circles described within a given ? 

circle, and similarly for an array of circles tangent to one 
another and to the given circle externally. The problem is 
one of those in indeterminate analysis to which the Japanese > 

scholars paid much attention. Another indeterminate equation ? 

considered by him is the following: 

-t -h .1:/ + I 

This appears in a manuscript entitled Beki-wa Kaihd Mit-ynki I 

(Integral solutions for the square root of the sum ^ 

of squares) and dated 1791. 

AnotJier work of Jiis was tlie SampO Ki^so,** in vvhicli the 
famous Malfaiti problem appears, to inscribe three circles in a ! 

triangle, each tangent to the other two. Ajima does not, j 

however, consider the geometric construction, preferring to 
attack the question from the standpoint of algebra, after the 
usual manner of the Japanese scholars. Tiie problem first 

1 C. Kawakita, in bis article in Ihe Honcho ^tlgakn Koenshu says ihat 
lie is sometimes thought to liave died in 1800, but the date given by us is 
from the records of the Buddhist temple where he is burled. 

2 The term may be compared lo pandit m India. 

^ hiteially, Integral solutions of circles touching a circle. 

4 l.itcrally, A draft of a mathematical problem, 
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appears in Japan, so far as now known, in the Sauipo (lakkai^ 
published by Han Sciyci of Osaka in 1781, tlic solution being 
much more complicated than that given subsequently by 
Ajima.^ 

The Svnjo Ruffen-jiitSH^ and the Yennai Yo-rniyen-jntSH^ 
arc two works upon groups of circles tangent to a straight 
line and a circle, or to two circles. In the Renjntsu licnkan 
(1784)5 he treats the subject still more generally, considering 
the straight line as a limiting case of a circumference. 

The Jnji’kan Shinjnisiu^ a manuscript of 1794, considers the 
question of an anchor-ring cut by two cylinders, a problem 
first studied iu Japan by Seki, and later by Arima in his Shitki 
(1769), wli ere infinitesimal analysis seems to have been 
applied to it for tiie first time in this country. One of the 
most famous problems solved by Ajima is tliat known as the 
Gion Temple Problem, and treated by him in his Gion Sandai 
uo Kai.'^ The problem is as follows; *^Thcrc is a segment of 
a circle, and in this there are inscribed, on opposite sides of 
the altitude, a circle and a square. Given the sum of the 
cliord, the altitude, the diameter of the inscribed circle, and a 


^ I.llcrnlly, Sea of learning for mathematical methods. 

2 IsNUo, Uook III, p. 187. For the history of the problem in the West 

see A. WiTTSTF.is, Geschichte des MalfaiiVschen Problems, MUnclicn, 1817, 
Diss.; M. Uakfr in the HhIUHpi 0/ the IViilosophkal Soeieiy of \Vnshini*tont 
Vol. If, p. 113J lutorm alia vita ed agli scriiH di Gianfranco Afal/allit in the 

Honcompagni Bulletino^ tomo IX, p. 361. For the isosceles Irlnngle the 

proi}lcm appears In the Opera of Jakob Dcrnoulli, Geneva, 1744, Probkma 
geomelrica^ lemma II, lomus I, p. 303. It was first published hy MalfaUi 
(1731—1807) in the Memorle di Matematica e dt PI ska ^ Modena, 1803, lomo X, 
p. 235, five years after Ajima died, 

3 J.iicrnlly, On Circles described successively on a Hue, It a])pcared in 
1784, and a sequel 179^* 

^ Literally, On Circles described successively wiihln a circle. 

S I.ilorally, The Adapting of a general plan to special eases, 

^ Lilcrftlly, Fxact method for the cross-ring, 

7 Literally, The Analysis of the Gion Temple problem. The manuscript 

is dated the 24'i> day of the 6d» month, 1773, although Kndo (Rook III, 

p. 8 ) gives 1774 as the year. 
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side of the square, and also given the sum of the quotients 
of the altitude by the chord, of the diameter of the circle by 



the altitude, and of the side of the square by the diameter 
of the circle, it is required to find the various quantities 
mentioned.*’ 

The problem derives its name from the fact that it was, with 
its solution, first hung before the Gion Temple in Kyoto by 
TsLida Yenkyil, a pupil of Nishimura Yenri’s', the solution 
depending upon an equation of the 1024th degree in terms of 
the chord. The solution was afterward simpliiicd by one 
Nakata so as to depend upon an equation of the 461^' degree. 
Ajima attacked the problem in the year 1774, and brought it 
down to the solution of an equation of the loth degree. This 
is not only a striking proof of Ajima*s powers of simplification, 
but it is also evidence of the improvement constantly going 
on in the details of Japanese mathematics in the eighteenth 
century. 

Ajima considers in his Fnjin Isshn (Periods of decimal 
fractions) the problem of finding the number of figures con- 
tained in the repetend of a circulating decimal when unity is 
divided by a given prime number. Although lie states that 
the problem is so difficult as to admit of no general formula, 
he shows great skill in the treatment of special cases. To 
assist him he had the work of at least two predecessors, for 
Nakanc Genjun had studied the problem for special cases in 
his Kanid Savipd of 1738, and in the Nisei HyOsen Ban Seiyei 
of Osaka had given the result for a special case, but without 

» Whose Ten^aku Shiy5 (Asironomy extract) was published In 177<). 
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the soUitioii. Ajima was, however, the first Japanese scholar 
to coiisicler it in a general way. 

Me first gives a list of lunnbcrs from which, consulcicd as 
divisors of unity, there arise periods of from i to i6 figures, 
as follows: 


I 

figure ^ 

1 


2 

figures 

1 1 


3 

figures 

37 


4 

figures 

lOI 


5 

figures 

4', 

271 

6 

figures 

7 . 

13 

7 

figures 

239. 

4649 

8 

figures 

73 

137 

9 

figures 

333.667 


10 

figures 

9091 


1 1 

figures 

21,649, 

513.239 

12 

figures 

9901 


13 

figures 

S 3 . 

79 , 

14 

figures 

909,091 


IS 

figures 

31. 

2,906,161 

16 

figures 

• 7 . 

5,882.353 


<565,371,653 


As an c.vamplc of his methods wc will consider his treat- 
ment of the special fraction.? and . Ajima assumes 

without c.xplanation that the required numbers arc given by 
one of the possible products of some of the prime factors in 


and 


353 “ 352 ■=■ 25X11 

103 ■ I ‘ ^ 102 ■=• 2 X 3x17, 


respectively, lie then says that out of these products it can 
be found by trial that the respective numbers sought are 32 
and 34, but he docs not tell how this trial is cfiectcd This 
was done later by Koidc ShClki ( 1797 — *865) and the result 
a[)pcarcd in print in the Satn/io Tametebako (1879), a work 
by Koide’s pupil, fnikuda Sen, who wrote under the nom tie 
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plume Rikeiu Koide merely explains Ajima’s work, using 
identically the same numbers. 

Neither his explanation nor Ajima's hint is, iiowever, veryf 
clear, and each shows both the difficulties met b)' followers 
of the 7(jasau and their tendency to keep such knowledge from 
profane minds. 

For the expansion of Ajima gives two formulas,' which 
may be expressed in modern notation as follows: 




-am — - m H — /A 


[ oo 

I + 1' 2 ' 0 


p/ — l) f« — 2) * * • fO‘~ 

« . 3 // • 3 « • •••/// 


* m 


']■ 


where m 


m 

PP- nu 



a** 




00 

y 1 (« + 1 ) (2 

« * 4 - 1 ) ■ • * ■“* 


*T 

• 2 « • 3 « • • * In 

J 

m *== 

.V— .T 

^ ... No 

explanation 

of the work is given, 


He also treated of square roots by means of continued fractions, 
the convergents of which he could obtain.* 

Ajima also studied the spiral of Archimedes, although not 
under that name.^ It had been considered even before Seki*s 
time,^ and Seki liimself gave some attention to its Lord Arima 
also discussed it in his Shnki Sampo of 1769. It is to Ajima, 
liowever, that we arc indebted for the only serious treatment 
up to his time. He divided a sector of a circle by radii into 
n equal parts, and then divided each of the radii also into n 
equal parts by arcs of concentric circles. He then joined 
.successive points of intersection, beginning at the center and 


* In the Teisu-Juisn Kappo of 1784. 

2 llAVASiif, JJistoryt part 11 , p. 9, probably refers to Ins commentary on 
Kurushlnia’s method. 

I It was called by Japanese scholars yeukei^ yetttpai^ or yenwan, 

4 As in Isom lira’s /Cefsugisho of 1684. 

5 In his Kai^/Ceftffni no Jf 5 ^ and reproduced in the Taisei Sm^y^* 
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etiditig oil the outer circle, and said that the limiting* form of 
tills broken line for u ^ oo was the yempai. Ho then preceded 
to find the area between the curve and the original arc by 
finding the trianguloid areas and summing these for 
obtaining ^ a}\ In a similar fashion lie rectifies the curve, 
obtaining as a result the series 

C = ;* 4. >1- .. - ■ • ~ M - — — * ■ • * 

6; 40>-3 112?‘5 1152r7 28 t 6 j^ 


a result that Shiraishi Chochu (1822) puts in a form equi- 
valent to 


“ 1 + 2 (- 1) 

I 


1^.31.57 


• -Jlij- 3 )Mf ' — 0 ... /] 

(2/+!)! j 


Ajima also gives a formula for the square of the length of the 
curve, and summarises his work by giving numerical values 
for r ^ ] 0 ^ ^ 5, thus: 

s = 10.402288144 . . . 

108.2075996685 ...» 


from which he concludes that Sel<i‘s treatment of the subject 
was rather crude. 

Ajima made a noteworthy cliange in the yenri^ in that he 
took equal divisions of the chord instead of the arc, thus 
simplifying the work materially.* Indeed wc may say that in 
this work Ajima shows the first real approach to a mastery 
of the idea of the integral calculus that is found in Japan, 
which approach we may put at about the year 1775 - Since 
this work was so noteworthy vve enter upon a more detailed 
description than is usually required in speaking of the achieve- 
ments of the eighteenth century. 

Ajima proceeds first to find the area of a segment of a 
circle bounded by two parallel lines and the equal are.s inter- 


* This appears in his Kohai'Jutstt Art/ {Nolc on ihe measure tnent of tin 
arc of a circle), the date of winch is not known. Endo tBook lU, p» t) 
thinks Umt it jireccdcs his knowledge of the yemt ns imparted by his 
teacher Ynmaji. 
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cepted by tlicni, that is, the area ABCD in the figure. Here 
we divide the chord c of the arc into w equal pcTrts.' 



Then from the figure it is apparent that 






A* ■= — (/-p)’, 


where A tJje r'"* parallel from the diameter d. 

Ajima now expand.s A, without explaining his proce.ss (evi- 
dently that of the tetsujutsii), and obtains 


Pr 


^■d 


-"['-Kiy-;, 


_ 3 / 'M Y._ V 1 

48 \ / 38.r \ ri ) J' 


» In the figure the chord DC is divided into 5 erjunl putts, ench part 
hemg designated hy n, so Chat 
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Summing for r =- 1, 2, 3 • ♦ • and niuWpiying by \x we have 
the following series: 


2 

I 




] 

T • T (-I7)' + «) 

i . -L ( -ii)* (6«7 + 2 1 -I- 2 1 «5 — + «) 


■ - I? • • ' ( -^T (io«'^ -r 45 «® + 6o«^ — 4211^ 

38.t 40 \ ' 

+ 20«J ~ 3«) 

- 3870 • 66 + 33«'“ + 55«’--<56«' 

+ 6G«s — 33«J + 5«) 

* (4Y'(2I0 v/’’+ I 3<55«*» + 2720«” 

46080 2730 \// / 


— 5002«» + 858 o «7- 9009^5 + 4550//1 — 691 ;/) 

Now substiluimg for ja its value, , and then letting « 
approach o-’, all terms with u in the denominator approach o 
as a limit, and the limit to which the required area ap- 
proaches is 

, f • ± _ J. . — 

aica (I ^0 

15 £^_ '°5 . _ 945 . 

~ 3.).56 ' . 7 » 43240 ' 599040 <!'•' 
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From this Ajrina easily derives the area of the segment, and 
from that he gets the length of the arc, as follows: 


arc = c 

2 • 3 


2*3 4-5 J\ 2 *3 *4 5 < 6- 7 


~d^ 


from which other formulas may be derived. 

Ajima also directed liis attention to the problem of finding 
the volume cut from a cylinder hy another cylinder which 
intersects it at right angles.. His result is given by his pupil 
Knsaka Sei (1764 — 1839)' in his manuscript work, the Fukjil 
S/im/fo (1709)> without explanation, as follows: 




m — 


S .8 


- - 


157 
8.8- j6'. 16 


— 


1 • 5 

8.S . 16 




J * 5; 7 • 2J 
8 • S • r6 * 16 ■ 40 



where and ii arc the diameters of the pierced and piercing 
cylinder!?, respectively, and where w ^ /c^ - \ In another 

work of 1794,-^ however, Ajima gives an analysis of the problem, 
cutting the solid into elements as in the case of the segment 
of a circle already described. He then proceeds to the limit 
as in that case, and thus gives a good illustration of a fairly 
well developed integral calculus applied to tlie finding of 
volumes.'^ 

Thus we at last find, in Ajima’s work, the calculus established 
in the native Japanese mathematics, although possibly with 
considerable European influence. With him the use of the 
double scries again appears, it having already been employed 
by Matsunaga and Kurushima, and by him the significance 
of double integration seems first to have been rcal^ed. He 


f Or Kusalcn Makoto. 

3 Endo fiUeinpts some explanation in Ivis llhtofy^ Book III, p. 25. 

J Tills is a manuscript of the Yfuchn Sen'kilyen yutsu (Evaluation of a 
cylinder piercetl hy another). 

^ TUc work as given by Ajima is too extended to be set forth at length* 
the theory being analogous to that which has already been illustrated. 
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lacked the simple symbolism of llic West, but he had the 
spirit of the theory, and aliliou^h his contemporaries failed 
to realise his genius in this respect, it is now possible to 
look back upon Ihs work, and to evaluate it properly. As 
a result it is safe to say that Ajinia brought mathematics to 
a Jiigher plajie Ilian any other man in Japan in the eigliteenlli 
century, and tliat had he lived whore he could easily have 
come into touch with contemporary matliematical thought in 
other parts of the world he might liave made discoveries that 
would have been of far reaching inipoitance in the science. 



CKAl’TER XL 


The Opening of the Nineteenth Century, 

The nineteenth century opened in Japan with one notewoith)' 
undertaking, the great survey of the whole Empire. Al the 
head of this work was Ino Chiikei/ a man of high ability in 
Ifis line, and one whose maps arc justly esteemed by all enrtog- 
ra])licrs. Until he was fifty years of ago he lived the life of 
a prosperous fanner. While not himself a contributor to pure 
mathematics, he came in later life under the influence of the 
astronomer Takahashi Sliiji* ( *765'- 1804), and at the solicitation 
of this scholar lie began the work that made him known as 
the greatest surveyor that Japan ever producecL Takahaslii 
seems to have become acquainted with Western astronomy 
and spherical trigonometry through his knowledge of the Dutch 
language. He had also studied astronomy while serving as a 
)'Oung man in the artillery corps at Osaka, his teacher having 
been a private astronomer and diligent student named Asada 
Gdryil (i 732 — 1799), b)' profession a physician. This Asadu 
was learned in the Dutch sciences, 3 and is sometimes said to 
have invented a new ellipsograph.^ tn 1795 he was called to 


* Or ln 6 Tadanori, InO Talayoshi, whose life and works are now (1913) 
being studied by Mr, K. Otaiii. 

4 Or Takaliashi Sbigetoki, Takahashi Yosbitoki, Tnkahashi Munctoki. 

J As only yhysicians and inter jweters were at this time, 

A A diflfereiit instiumcnt was invented by Aidn Aminei, wlio left a manii- 
scrij^t work of twenty books v\pon the ellipse. There is also a manuscript 
written by Hazama jQsbin in 182S, entitled Dayen Kigen (A descrijjtion of 
the ellipse) in which it is claimed that the eUipsogrnph in question was 
invented by the writer’s father, Hazama JOfQ (or Shigeiorni) who lived 



XI. The Opening of the Nineteemh Ceniiiry. 


207 


iiienibersliip in the Hoard of Astronomers of the shoj^uuaic, 
an honor wliich he declined in favor of his juipils Takahashi 
Shiji and Hazania Jufu. Takahashi thereupon took up his 
residence in Yedo, where he died in 1804,* five years after 
Asada had passed away* 

Among Asa da’s younger contemporaries was Furukawa Uji- 
kiyo (1758 — JB20), who founded a school which he called the 
S/usei Sa)i/:a He was a shogimate saumrai of Iiigli 

rank, holding the onicc of financial superintendent, and although 
a prolific writer he contributed little of importance to malhC' 
matics .3 Nevertlielcss his school nourished, although it was 
one of nineteen^ at that time contending for mastery in Japan, 


from 1756 to t8l6, and that it dated from the begiiming of the Kwansei 
era (1 789— 1800). llazama Jfihl was a pupil of Asada’s, and was a merchant. 

‘ It is said at ahv>ut the age of fovty. 

2 School of Instruction with Greatest Sincerity. It was also called the 
Sanwadlohi school. 

3 Ilis Stvtseki^ a collection of ienznn problems consists of 223 books, 

\ Endo, Booh 111, p. 57. On account of the importance of these schools 
in the history of education in Japan, the list is here reproduced for Western 
readers: 

1. Momokawa Kyfl, or Moinok awn’s School, teaching the sorolfnn arithmetic 
as set forth in Momokawa’s Juimeizan of 16.15. 

2. SeUl RyQ, or Seki’s School. 

3. Kliichi Ryii. Tlie meaning is not known. 

4. Naknnislu RyO, or Nakanlslii'.s School, 

5. Mlyagi RyCI, or Mlyagi’s School. 

6. Takuma UyQ, or Takumn’s School. 

7. .Saijo Ryii, or Superior School, sometimes incorrectly given as Mogami 
School. 

8. Shisci Sanka KyQ, or Sanwa It chi Ryii. The latter name may mean 
the Agreement of Trinity School. 

9. Koryu, the Old Scliool; or Yoshida Ryii, Yoshida’s Scliool. 

to. Kurushima GaUn, or Knrushima's School. 

11. Ohashi Ryn, or Ohnshi’s School. 

12. Nakane Ryu, or Nnkane*.s School, the Takebc-Nakanc sect of the Seki 
School. 

IJ. Nishikfiwa Ryn, or Nishikawa's School. 

14. Asada Kyii, or Asada’.s School. 

15, llokken Ryii. 'I’hc meaning is not known. 
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and when he died it was continued l)y his son, Fiirukawa Kcu 

In this school, as in others of Its kind, Uic ienzan algebra 
attracted much attention. It will be recalled that it was first 
made public in \\\^ Shnki Sa)upd^ composed by Arima in 1769, 
a treatise written in Chinese cliaracters and in sucli an obscure 
style as not easily to be uiulcrstood. No better treatment 
appeared, however, until one was set forth by Sakabe IColian 
in i8iO under the title Sampo Tatzan Shina)h 
Roku} In the same year two other works wei'c written upon 
this subject, one by Ohara Riiuei^ and the other by Aida/ 
but neither of these had the merit of Sakabe’s treatise. Sakabe 
was in his younger days in the Fire Department of the sho- 
gunate, but he early resigned his post and became a nuun or 
free samurai, devoting all of his time to study and to the 
teaching of liis pupils. He first learned mathematics from 
Honda Rinici (1744—1821), who was a leader of the Takebe- 
Nakane sect of the Seki school, a man who was more of a 
patriot than a mathematician, but wlio know something of the 
Dutch language and who was the first Japanese seriously to 
study the science of navigation from European sources. Sakabe 
also studied in the Araki-Matsunaga scliool and was one of 
the most distinguished pupils of Ajinia, He loft a noble record 
of a life devoted earnestly to the advance of his subject and 
to the assistance of his pupils. 


16. Komiira Kyr-, or KomiirA’s School, a school of s^irveyluf;. 

17. Fiiruichi Ryo, or Kuruiclii’s Scliool. 

kytf, or AJtzogiichi^g School, a school of surveying, 

IQ. Shimizu Uyfi, or Shinn/.u's School, also u school of surveying. 

» lie was a prolific writer, his other more important works being the 
Shimen TeiutjuUu (1795) anti tire Iiaf:njutsu-kwn(i (Considerations on the 
theory of the polygon, 1802). These exist only in manuscripts. lUs HteraL 
name was Chugaku. 

^ f'Jxercise hook on the ten^nn methods. 

3 Tenznti Shuian (Exercises in the tciuan mclliod). Ohara died in 1S31. 

4 Savipo Teushd-hd, or Sampo lousei-ho. Treatise on the y'ensho mcUiod. 
aida called tlie (vftzan method by the name iats/tth 
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Sn habeas treatise was publisliccl in fifteen 13ooks, the last one 
appearing in 1815. One of the first peculiarities of the work 
that strikes the reader is the new avrangcmcnl of the 
wliich it will be recalled were dilTerenlly placed for aUeniale 
digits by all early writers* Sakabe remarks that *‘it is ancient 
usage to arrange these sometimes horizontally and sometimes 
vcrlicall}', ... but this is far from being a praiseworthy plan, 
it being a tedious matter to reanangc whenever tlic [)laces of 
the digits arc moved forwards or backwards.” Me adds: I 
therefore prefer to teach my pupils in ni)' own way, in spite 
of the ancient custom. 1 hose who wish to know tiie shoitci 
method sliould adopt this modern plan” 

Sakabe classifies c|nadratic equations according to three 
types, imieh as suclr Eastern writers as AbKliownrazini anti 
Omar Khayyam had done long before, and as was the custom 
until relatively modern times in Europe. Mis types were as 
follows: 

— 0 , 

‘1- /u' — c = o, 

/^v q- c ^ 0, 

and for these he gives rules that arc eqv\\valent to the formulas 

,1 [-^+i/(0‘ "4 

and 

i|i+i/(n’- ''‘I' 

lie lakes, as will be seen, only the positive roots, neglecting 
the c|iicstion of imaginarics, a type never consiclerctl in pure 
Japanese mathematics.' 

* ScUi knew fliat there arc equations with no roots, the mitsho 
(equations without roots), but o( Uui nftlucc of the itimuinary he seems to 
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Among bis one hundred nincty^six problems is one in ]^ook VI 
to find the smallest circle that can be touched internally a 
given ellipse at the end of its minor axis, and the largest one 
tlmt can be touched cxternall}' by a given ellipse at the end 
of its major axis. To solve the latter part he takes a splicre 
inscribed in a cylinder and cuts it by a plane through a point 
of contact, and concludes that the diameter of the maximum 
circle is -h- b, where a is the minor axis and b is the 

major axis. For the other case he finds the diameter to be 

a. 

Sale a be gives some attention to indeterminate equations. 
Thus in solving (Problem 104) tlie equation 

2,r" H- = .c" 

he takes atiy even number for x and scpai'atcs ^ into two 
factorSj and then taking 



Among the geometric problems is tlic following (No. 138): 
"There is a triangle which is divided into smaller triangles by 
obliciue lines so drawn from the vertex that the small inscribed 
circles as shown in the figure are all equal. Given the altitude 
b of the triangle and the diameter {/ of the circle inscribed 

have been ignorant. In Kawai’s Ao/s/zUi Shimpd (1803) the stalcnient is 
made ttinl there may t)C a musho (wiihout root), that is, a root that is 
neither posiiivc nor negative, hut nothing is said as to the nature of such 
a root. 
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in the triangle, recjuircd to find the diameter of one of the ;/ 
equal circles.’’ I lis solution may be expressed by the fornnila 


if / ,r \« 


wlicrc X is the required diameter. 

In liis Book X Sakabc gives some interesting methods of 
summing a series, .but none tli«at involved any principle not 
already known in Japan and in the world at large. They include 
the general plan of breaking simple series into partial geo met lie 
series, as in this ease: 


s ^ \ ^ 2r H- + 4^^ + 
====“ 14 - X 4 * -|- 


4- r -\r 4' 4- 


4 , ; 3 .y 


4- «i- 


1 > . ; ^ ^ j 

. . . -L - — . . . ^ 

I — r 1 — 1 ■ r 1 — / 


(I —r)i 

III ll)c same way he sums 

I + 3 /- + 6r‘ + lO/'J -I- t 5 > ' H- • 

I -I- 4r-\- 9 ;-‘ + l 6 /-J + 25 ?-' H- • 

I H- Sr H- 14'* -I 30'-^ + 55'* + • 

and so on, these including the general types 


5 {i -I- ly /. 2 Q + I Q + O' ’ ’ ■ 


i t= 00 / « / 




/t-I X«=sl 
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Ill the extraction of roots Sakabc gives (rroblcin 167) a 

n 

rule for the evaluation of that has some interest, lie 
takes any number such that aC is approximately equal 
to N, From this he obtains ^2= Then the real 

H „ 

value of V N will evidently lie between iiy and so that he 
takes for his third approximation = "• (r?, -i- ^2), increasing 

n 

or decreasing this slightly if it is known that 1 N lies nearer 

ax or rt'a, respectivel3^ He next calculates N : 

and continues this process as far as desired. I'hus, to find 

I 0.125, let US take <7, = O.C6, Then we fiml 

a . = 0.6597541, 

«'3 = 0-65975395538GS 

where a, is correct to 5 decimal places and to 12 decimal 
places. 

Sakabe gives many other interesting problems, including 
various applications of tlie yetiri. Among hi.s results is the 
following series: 

5.^1... 1-4.., ('‘3)d4.6) __n:T5)44.^i'S) 

*4* ' ’ 5 5-7'9 5-7 i5-^7 

He also treats of the length of the arc in terms of the chord 
and altitude, as .several writers had already done in the pre- 
ceding century, and he was the first Japanese to publish rules 
for finding the circumference or an arc of the ellipse.’ 

Sakabc also wrote in 1803 a work entitled the R}j)pO liijUcup 
in which he treated of the cubic equation, the roots being 
expressed in a form resembling eontinv»cd fractions which in- 
volved only square roots.3 In 1812 he publisliccl hi.s Kzoankh 

^ Ajiiim is doubtfully said to have discovered tliese rules, but he did uot 
print them. Sakabe was I he first to treat of the ellipse in a }>rinled work. 

* Or A'//>/>o EUhiht. Literally, Methods of approximating by in er ease and 
decrease (the root of) n cubic. 

^ Thl.s work was never printed. I’lie same plan had been aUemj)led by 
one Fiijita Helsbin, of Talebayashi in Jo.shn, and his mnmiscripl had been 
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kodo-shoho,^ a work 011 splieiica! trigonoiiietiy, and in 1816 
liis Kairo-aHshifirokii^ 11 work on .scientific navigation. 

I'hc best-known of Sakabe’s pupils was Kawal Kyutoku,^ a 
shogunatc saf/iurai rank and at one lime a Superintendent 

of l^inancc. In 1803 Kawai published his Kais/idd Shipfif>dd 
although it is suspected dial Sakabe nvdy have liad a hand in 
writing it. He records in the preface that Sakabe had told how 
in liis day some liiiropcan and Chinese works had appeared 
in Japan, but that in none of tlicni was found so general a 
method as he liiinself laid before his pupils. Indeed there was 
.some trutli in tliis boast, since the subject considered was the 
numerical liigher c(iuation, and, as we have seen, Horner’s 
mclliod had long been known in tlie East. It was here that 
China and Japan actually led the world, and wiien Sakabe 
and Kawai improved upon the work of their countrymen 
they a fortiori improved upon the rc.st of the mathematical 
fralcriiit)'. 

'fhis iinproveiuent consisted first in abandoning die saugi in 
favor of the sorobauf an ideal of all of the Japanese matlie- 
inaLicians of the eighteenth century. In tlie second place the 
gciiL'ral ph\\\ of work was simplified, as will be seen from the 
following summary of the j)rocess: 

Lei an equation of the ;/tli degree, wliosc coefficients arc 
inlcgcr.s, eitlicr positive or negative, be represented by 

Tlie n roots arc generally positive or negative according as 
the pairs of cocfficienls *** (^2*^1) 

different signs or the same sign. The ;Th of these roots 
I, 2, 3 • * ■ n) may be found as follows: 

subiniUcd to Snknbc, who found U so coinpliccilcd lhal he proceeded to 
it iii this work. 

I T.itcrally, A short way to measure spherical arcs by the telescopic ol) 
servation of heavenly bodies. 

? Literally, 'Die safety of navigation. 

J Or Kawni Hisnnoil. 

1 New inciliod of solving e(|imlioiis, 

5 See Kawai, Shhftpd (7S£>3/; and Kndu, Jiook IJJ, p, 53. 


\l. riir 0|U niUK nl ihr Nilu tri jilll ri nliiiy. 




Mist write 






I //. 




I if 


u « i I 


-M-l-O t -».i tM , -t' 

.1 » 


Then take 

Q , 1 •<• . -l ., ■' "•! . 1 ^ ' ■ • • I . 


and !et " 




/I \nay he anst};iuxl any value sm lun^; as /* shall nut have 
a dillcrcnt iVuuu/^^ ^ ^ and shall imt have a ililVeicnt 
siyii fioni 

Next (irueecal in the saiiu! wa)* willi /f, tleiiulin-j the result 
hy 

If now we shall find either that 

A > li anti yV < //' 
in* that A // and A* > 


tl^en there will l>e in p.eneval a rout nf the eiination between 
A and A\ Now by narrowin^i; the runils between which the 
root lies a (ii.sl apiiroNiinalion may be reaelieti, but it sufllces 
for II ruiiKh approxiinalion In take the avomi-ic <ir /I, A\ /» 
and /r. 

llci»eat the same prnecss with llio iiisl appinxiinalion as 
was h)lluwed with - I ami thus olriain a sv-eund approximation, 
and so on. 

hnr example, take llii? ci|nalic»n 

33^)0 2 iy.\x -l* '•iipj.r'* o. 

Since //, and //., have dilTerenl sirjns, the lusl rout is positive. 
Let UK beyin with A * lo. 
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'i'lien 


[O 

33<5 

1838 


33C, 

■■ 2174 = - 1838. 
“ 183.8, 


Also 
so Lhat 
Similar!)' 


^ - 183.8 -h 249 ^-65.3 
Q = - I, 

-= 10 
A* 100 
A" ^230 
/I" = 250 


P. 


B ^65,2 
B' ^ 227 
ir = 239.6 
240.3, 


which shows tliat the first root lies between A" and A"\ since 


rurlherinore 


A" < and A'" > //". 


A" -I- A + /y 4- B'" , 

“ • — =‘239,975, or nearly 240, 

which is tlic finst approximation. 

In the same way the approximate second root is 7.21. Tlic 
rest of the computation is niongf lines previously known and 
already dcscribecl. 

In 1820 an architect named Ilirauchi Tcishin* published a 
work entitled Sampo HengyO Shinan,^ and later the Shoka 
Kiku Yokaip both intended for men of Jns profession and for 
engineers. Much use is made of graphic computation, as in 
the extraction of the cube root by the use of line intersections. 
In 18^0 Mirauclu* wrote another work, (he Sampo ClwkujatsH 
Seikai^'^ in which he treated of the geometric properties of 


‘ Also linowii by his earlier name of Fulciida Teishln. 

* Also nan slit crated Sampo- iiatkei^shtuan, File rally, Ticntise on the 

lieimyo method, lleiigyn meaning the changing of forms. 

J J.itcialiy, A short treatise on the line methods. 

\ Exact notes on direct mathematical methods, 
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figures rather tlian of their mensuration. While tlie book Imcl 
no special merit, it is worlliy of note as being a step towards 
pure geometry, a subject that had been generally neglected 
in japan, ns indeed in the whole East. 

It often happens in tlie histoiy of malhetnatics, as in hisLory 
in general, that some particular brands seems to show itself 
spontaneously and to become epidemic. It was so witli algebra 
in meclieval China, with trigonometry among the Arabs, with 
the study of equations in the sixteenth century Italian algebra, 
and with the calculus in the seventeenth century. So it was 
with the study of gcomctiy in Japan. In the same year ih«at 
Miraudii brought out his first little work (1820), Yosliida Jilku 
published his Kikujnisn Daukai^ in which he attempted the 
solution of a considerable number of problems by the v\sc of 
the ruler and com()asses. It is true that this study had 
already been begun by Mizoguclii, and had been carried on 
by Muratn Koryu under whom Yosliida had .studied, but the 
latter was the first of the Mizoguchi school to bhng the 
material together into satisfactory form. 

About iliis lime tlierc lived in Osaka a leaclicr natned Takcda 
Shingen, who ]jublishcd in 1824 his Savipo Hrnran,^ in wliicli 
the fan problems of the j)eriod appear (Kig. 42), and whose 
.school exercised considerable influence in the western provinces. 
Me also wrote the Shingen Sampo, a work that was publislicd 
by his son in 1844. The old epigram which he adopted “There 
is no reason wilhout number, nor is tlicrc number without 
reason/' is well known in Japan. 

It is, however, with Die early stages of geometry that we 
are interested at this period, mid the next noteworthy wrilci 
upon the subject was Hasbimotc Shbhb, who pnblisiied his 
SampD Tenmn Shogaknshd^ in 1S30. The particular feature 

^ Illustrated treatise 031 t)3e line method. Uis works arc tliouglU hy 
some to have been writlen by llaseiiawn. 

^ liNno, Hook III, |), 91. 

3 Matlieinalic.il methods conveniently revealed- Me is soniciimcs kno\vJi 
by his familiar name, Tokiinoshiii, 

■I 'I'enzau method for beginners. 
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t)f interest in his ^vovk is the geometric trcnlmcnt of the center 
of gravity of a figiiic. One of hi^ problems is to find by 
gconictric drawing llic center of gravity of a quadrilateral, 
and tlie ngure is given, althougli without explanation.* 

This pruljlcni of the center of gravity now began to attract 
a good deal of attention in Japan. Perliaps tlie first real study^ 
of the cfuestion was made by Talcahashi Shiji, since a manih 
scri[>t entitled Toko Chojuisa Mohuroku^ mentions a 

work of bis upon this subject. Since this writer was actiuainled 
with the Outch language and science, he doubtless received 
his inspiration from this source. His son 'I'akaliashi Keiln>> 
(17^6-1830) was, like himself, on the Astronomical Hoard of 



tile Sli()gunatc, and was imprisoned from 1828 until his death 
in 1830, for exchanging maps with Sicbold, whose work is 
meutioned in Chapter XIV. 

Of the other minor writers of the opening of the nineteenth 
century the most prominent was Ilascgiiwa Kan,'** who published 
his Sivul^i) Shinsho (New Treatise on Mathematics) in 1830 

» ICunn, Hook III, |>. 107, gives a conjectural explanation, He i« of 
the opinion that both the problem ami the solution come from Kuropcau 
soinccK. 

^ The guvm of the theory is foiuut \n S chi’s Nvvitinga. 

3 I-ist of M abler ‘raka'.s writings, 'l‘0k6 hciiig his Utm tk /hmr. 

I Or '1'akulia‘ilii Kngeyasn. 

5 Or Ilascgawa lliioslii. 
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under the name of one of his pupils. Hasegawa Kan \ 
himself a pupil, and indeed the first and best-known pupil, 
Kusaka Sei, the same who had studied under the celebra 
Ajima, and hence he had good mathematical ancestry, 
work was a compendium of mathematics, containing 
sorohan arithmetic, the “Celestial Element” algebra, the teru 
algebra, the yenri, and a little work on geometry, incl 
ing some study of roulettes (Fig. 43). So well written \ 
it that it became the most popular mathematical treatise 



Fig. 43. From Hasegawa Kan’s Sampo Shinsho (1849 edition), 

the country and brought to its author much repute as 
skilled compiler. Nevertheless the publication of this w 
led to great bitterness on the part of the Seki school, 
asmuch as it made public the final secrets of the yenri t 
had been so jealously preserved by the members of 1 
educational sect.^ His act caused his banishment from amc 
the disciples of Seki,^ but it ended the ancient regime of secr( 


1 The yenri here described is not the same as that of Ajima or Wad 

2 Endo attributes his banishment to his having appropriated to his < 
use the money collected for printing Ajima’s Fukyii Sampo, 
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in matters mathematical. Hasegawa died in 1838 at the age 
of fifty- six years. ^ 

Among the noteworthy features of the Sauipo Shinsho 
mention should be made of the reversion of series'* in one of 
the geometric problems, and of the device of using limiting 
forms for the purpose of effecting some of the solutions. One 
of his algebraic-geometric problems is this: Given the diameters 
of the three escribed circles of a triangle to find the diameter 
of the inscribed circle. By considering the case in which the 
three escribed circles are equal, as one of the limits of form, 
Hasegawa gets on track of the general solution, a device that 
is commonly employed when we first consider a special case 
and attempt to pass from that to the general case in geometry. 
The principle met with severe criticism, it being obvious that 
we cannot reason from the square as a limit back to a rectangle 
on the one hand and a rhombus on the other. Nevertheless 
Hasegawa was very skilful in its use, and in 1835 wrote 
another treatise upon the subject, the SampD Kyoku-gyd Skh 
nan,^ published under the name of his pupil,^ Akita Yoshiichi 
of Yedo. 

It thus appears that the opening years of the nineteenth century 
were characterized by a greater infiltration of western learning, 
by some improvement in the tenzan algebra, and by the initial 
steps in pure geometry. None of the names thus far mentioned 
is especially noteworthy, and if these were all we should feel 
that Japanese mathematics had taken several steps backward. 
There was, however, one name of distinct importance in the 
early years of the century, and this we have reserved for a 
special chapter, — the name of Wada Nei. 


1 Professor Hayashi gives the dates 1792-1832. But see Endo, Book II, 
p. 12, and Kawakita’s article in the Honcho Sftgaku Koenshu^ p. 1 7. 

2 An essentially similar problem, in connection with a literal equation of 
infinite degree, seems to have been first studied by Wada Nei. 

3 Treatise on the method of limiting forms. 

4 A custom of Plasegawa’s. See the note on Hirauchi, above. 
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CHAPTER XIL 
Wada Nei. 

It will be recalled that in the second half of the cighteent 
century Ajima added worthily to the yenri theory, bringing fc 
the first time to the mathematical world of Japan a knowled^ 
of a kind of integral calculus for the quadrature of areas ar 
the cubature of volumes. The important work thus started t 
him was destined to be transmitted through his pupil, Kusal 
Sei,^ to a worthy successor of whom we shall now speak ; 
some length. 

Wada Yenzo Nei (1787-1840)/ a samurai of Mikazuki in tl 
province of Harima, was born in Yedo. His original nan 
was Kdyama Naoaki, and in early life he served in Yedo ; 
the Buddhist temple called by the name Zojoji. He the 
changed his name for some reason, and is generally know 
in the scientific annals of his country as Wada Nei. Aft( 
leaving the temple life he took up mathematics under t! 
tutelage of Lord Tsuchimikado, hereditary calendar-maker 1 
the Court of the Mikado. He first studied pure mathematic 
under a certain scholar of the Miyagi school, and then und< 
Kusaka Sei. As has already been mentioned, this Kusal^ 
compiled the Fukyu Sanipd from the results of his conta< 
with Ajima, thus bringing into clear light the teaching of h 
master. Although it must be confessed that he did not have tl 
genius of Ajima, nevertheless Kusaka was a remarkable teache 


I 


1 Endo, Book III, p. 127. See .p. 172. 

2 Koide, Yenri Sankydy preface. See Chapter XIV. 
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giving to mathematics a charm that fascinated his pupils and 
that inspired them to do very commendable work. Money 
had no attraction for him, and he lived a life of poverty, 
dying in 1839 at the age of seventy- five years. ^ 

As to Wada, no book of his was ever published, and all 
of his large number of manuscripts, which were in the keeping 
of Lord Tsuchimikado, were consumed by fire,^ that great 
and ever-present scourge of Japan that has destroyed so much 
of her science and her letters. Eking out a living by fortune- 
telling and by teaching penmanship, as well as by giving 
instruction in mathematics,^ selling some of his manuscripts to 
gratify his thirst for liquor, Wada's life had little of happiness 
save what came as the reward of his teaching. He claimed 
to have had among his pupils some of the most distinguished 
mathematicians of his day,^ men who came to him to learn 
in secret, recognizing his genius as an investigator and as a 
teacher.5 

It will be recalled that Ajima had practiced his integration 
by cutting a surface into what were practically equal elements 
and summing these by a somewhat laborious process, and 
then passing to the limit for ;/ = oo. In a similar manner he 
found the volumes of solids. In every case some special series 
had to be summed, and it was here that the operation became 
tedious. Wada therefore set about to simplify matters by con- 
structing a set of tables to accomplish the work of the modern 
table of integrals. Since his expression for ''to integrate” was 
the Japanese word "to fold” {tataniv), these aids to calculation 
were called “folding tables” {jo-hyd), and of these he is known 


1 Endo, Book III, p. 121; C. Kawakita’s article in the Ilanrho Sitgaku 
A'deiishtlf p. 17; Koide, Venn Sankyd^ preface. 

2 Koide, Yenrl Sankyo, MS. of 1S42, preface. 

3 Endo, Book III, p. 128. 

4 The original list on some waste paper is now in the possession of 
N. Okamoto. The list includes the names of Shiraishi, Kawai, Uchida, 
Sailo, and Ushijima, with many others. 

5 See also Endo, Book III, p. 86. 
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to have left twenty-one, arran^*ed in |)aniphlct form and 
distinctive names.* 

In 1818 Wada wrote the S/ii^ko in two books, pi 

only in manuscript. In this he begins b\' com[)uting t] 
of a circle in the following manner: 

The diameter is first divided int('> 2 /i cijual parts, 
drawing the lines as shown in the figure, it is evident 



‘ ICNl)t>, Iit)()k III, p. 74. 
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Hence twice the area of D D" N" N' 
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Summing for r = i, 2, 3, . . . we have 
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Multiplying, and then proceeding to the limit for n = 00, we 
have the area of the circle expressed by the formula 
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In the two operations of summing and proceeding to the limit 
Wada makes use of his ^'folding tables.” 

By a similar process Wada finds the circumference to be 


2 d ( 


I + 




i^ 3 f 

51” 




•32.52 





and he obtains formulas for the area of a segment of a circle 
bounded by an arc and a chord, or by two arcs and two 
parallel chords.^ It is also said that he gave upwards of a 
hundred infinite series expressing directly or indirectly the 
value of TT,^ among which were the following: 


1 For the complete treatment see Harzer, P., loc. cit, p. 33 of the Kiel 
reprint of 1905, Harzer shows that the formula used is essentially Newton’s 
of 1666, given later by Wallis. 

2 Endo, a short account of the progress in finding the value of ix in fapan 
(in Japanese), in the Riga Mai, vol. Ill, No. 4, p. 24. 


224 


Xil. Wacla Nei, 


TT 

^ I 

4 - 

I 

■b 

'■'s + 

'1 - 1 - 


2 


3-2 

5.8 

7.48 

9 - 3 ^V H 

. 3 S 40 

TT 

I 


i 

J- ^ 4 - 

d 

■ d- 

"15 1 

4 

3 


5*2 

7 -S ' 

<). 4‘4 

n .384 ^ 

13.3840 

TC 

1 

-i 

1 

d- . 

1 

,+ 

'"5 

8 

3 


• 5 .; 

2 35 -'^ 

03 . 4 } 

' y';- 3 'V 


TT 

i 


1 

1 

d- '5 

“'s 

.1 

32 

15 


35 

2 03.8 

ya. 4 : 

S 1 43 . 3-^4 

TT 

I 


I 

1 

3 __ 15 


'>■•5 


4 



3 


<HS 

10345 



1 

-L, 

I 

1 

1 . 

*5 

">,5 

2 

l 

r 

,0 2 . 

2 > 5 -^.. 


, 48 . 2 . ' 4 . 

384 ,. 21 ‘ 
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'File same principle lliat: he applicrs to the circle he also 
in connection with the ellipse/ llntlinp, the perimeter to 
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wlicrc ;// = where ior >/ i tlic lenn i 

lie tiikeu as m. 

VVada alsD tiiriied his altentinii In the I'ninjiiitatinii nt vnlui 
siiuplilyiiH; Ajiiiia’s work nii the twn interseetin;.; eyliiulers, 
in ijeneral develoi»iny, a very !.;nnd wnrkint; tyjie of the ink 
calculus so far as it has to do with the <iiiestinn of i 
suratioii. 

'I'he (luestion of maxima and minima had alread\- been 
sidered by Seki more than a century before Wada’s time, 


' In his , 

^ hlNlin, IUjoU III, p. 81 . 
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rule employed being not unlike the present, one of equating a 
differential coefficient to zero, although no explanation was 
given for the method. Naturally it had attracted the attention 
of many mathematicians of the Seki school, but no one had 
ventured upon any discussion of the reasons underlying the 
rule. The question is still an open one as to where Seki 
obtained the method. In the surreptitious intercourse with the 
West it would be just such a rule that would tend to find its 
way through the barred gateway, it being more difficult to 
communicate a whole treatise. At any rate the rule was known 
in the early days of the Seki school, and it remained un- 
explained for more than a century, and until Wada took up 
the question.^ He not only gave the reason for the rule, but 
carried the discussion still further, including in his theory the 
subject of the maximum and minimum values of infinite series.^ 
In this way he was able to apply the theory to questions in- 
volved in the yenri where, as we have seen, infinite series are 
always found. 

In 1825 Wada wrote a work entitled lyen SafnpD^ in which 
he treated of what he calls ''circles of different species.'^ He 
says that "if the area of a square be multiplied by the moment 
of circular area'^ it is altered^ into a circle, and we have the 
area (of this circle). If the area of a rectangle be multiplied 
by the moment of circular area it is altered into an ellipse, 
and we have the area (of this ellipse). If the volume of a 
cube or a cuboid be multiplied by the moment of the spheri- 
cal volume,^ it is altered into a sphere or a spheroid, and 
we have its volume. These are processes that are well known. 
It is po'ssible to generalize the idea, however, applying these 


1 It is found in his manuscript entitled Tekijin Uo-kyu-ho. 

2 Endo, Book III, p. 83. 

3 On Circles of different species. 

4 I. e., by . We would say, The Japanese, however, always 

considered the diameter instead of the radius. 

5 This seems the best word by which to express the Japanese form. 

6 I. e., by “ TT. 
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processes to the isosceles trapezium, to the rectangular pyr- 
amid, and so on, obtaining circles and spheres of differeni 
forms.” 

For example, given an ellipse inscribed in the rectangk 
ABCD as here shown. Take YY' the midpoints DC anc 
AB, respectively and construct the isosceles triangle ABY 



A Y' B 


Draw any line parallel to AB cutting the ellipse in P and Q 
and the triangle in M and N, as shown. Now take twc 
points P\ Q' on PQ, symmetric with respect to YY\ anc 
such that AB : MN ^ PQ : P' Q' , Then the locus of P' anc 
Q' becomes a curve of the form shown in the figure, touching 
AY and BY at their mid-points X' and JSf, and the line AL 
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at y^. If now we let = a, and JC'Jl' = 4 we may con- 
sider three species of curve/ namely for ^>4 a==^b, a<b, 
Wada then finds the area inclosed by this curve to be 
the process being similar to the one employed for the 
other curvilinear figures. He also generalizes the proposition 
by taking an isosceles trapezium instead of the isosceles triangle 
A BY, the area being found, as before, to be where 

a and b are YY' and X^X in the new figure. 

Wada also devoted his attention to the study of roulettes, 
being the first mathematician in Japan who is known to have 
considered these curves. It is told how he one time hung 
before the temple of Atago, in Yedo, the results of his studies 
of this subject, although doing so in the name of one of his 
pupils. The problem and the solution are of sufficient interest 
to be quoted in substantially the original form.^^ 



“There is a wheel with center A as in the figure, on the 
circumference of which is the center of a second wheel B, 
while on the circumference of B is the center of a third 


1 Wada calls these the seiio-yen (flourishing flame-shaped circle), hoshu^yen, 
and suito-yen (fading flame-shaped circle). 

2 From the original. See also hNDo, Book III, p. 103. 


15 
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wheel, C Beginning when the center C is farthest from the 
center A, the center B moves along the circumference of Aj 
to the right, while the center C moves along the circum- 
ference of also to the right, the motions having the same 
angular velocity so that C and B return to their initial positions 
at the same time. Let the locus described by C be known 
as the ki-yen (the tortoise circle). Given the diameters of the 
wheels A and B, where the maximum of the latter should be 
half of the former, required to find the area of the kz-yen. 

“Answer should be given according to the following rule: 
Take the diameter of the wheel B; square it and double; add 
the square of the diameter of A; multiply by the moment of 
the circular area, and the result is the area of the kz-yen. 

“A pupil of Wada Yenzo Nei, the founder of new theories 
in the yenrij sixth in succession of instruction in the School 
of Seki.'^^ 

Wada’s work in the domain of maxima and minima was 
carried on by a number of his contemporaries or immediate 


c 



successors, among whom none did more for the theory than 
Kemmochi Yoshichi Shoko. His contribution* to the subject 
is called the Yenrz Kyokn-su Shdkai (Detailed account of the 


The rule is equivalent to saying that the area is h where 

a and b are the diameters of A and B. Possibly this pupil was Koide Shuki, 
Wada’s detailed solution is lost. 

2 Unpublished, and exact date unknown. 
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Circle-Principle method of finding- Maxima and Minima), and 
contains two problems. The first of these problems is to find 
the shortest circular arc of which the altitude above its chord 
is unity. For this he gives two solutions, each too long to 
be given in this connection. liis second problem is to com 
struct a right triangle ABC with hypotenuse equal to unity, 
such that the arc A A described with C as a center, as in 
the figure, shall be the maximum, and to find the length of 
this maximum arc.^ 

It In ICemmociu’s work there are certain transcendental equations which 
are solved by an approximation method known in Japan by the name Aanrin- 
jufsu^ possibly due to SaitO Gigi or his father. Kemmochi certainly learned 
it from him. He also wrote a work usually attributed to Iwai Juyen, the 
Sampd yenri hio shaku^ one of the first to explain the Kwaisu-juisu method. 

It should be mentioned that the cycloid had been considered before Wada’s 
time by Shizuki Tadao, who discussed it in his Rekisho Shinsho (1800). 


CHAPTER XIIL 
The Close of the Old Wasan. 

Having now spoken of Wada’s notable advance in the ye\ 
or Circle Principle, in which he developed an integral calcu 
that served the ordinary purposes of mensuration, there rema 
a period of activity in this same field between the time 
which he flourished and the opening of Japan to foreign co 
merce, which period marks the close of the old wasart^ 
native mathematics. Part of this period includes the lab 
of some of Wada’s contemporaries, and part of it those of ' 
next succeeding generation, but in no portion of it is th 
to be found a genius such as Wada. It was his work, 
discoveries, his teaching that inspired two generations of maf 
maticians with the desire to further improve upon the Cir 
Principle. We have seen how the story is told that the b 
mathematicians of his day went to him in seci'et for 
purpose of receiving instruction or suggestions, and it: is furt' 
related that his range of discoveries was greater than his regi 
pupils knew, and that some of these discoveries appear as 
work of others. This is mere rumor so far as any tri 
worthy evidence goes to show, but it lets us know the h 
estimate that was placed upon his abilities. 

Among his contemporaries who gave serious attention 
the yenH was a merchant of Yedo by the name of lyez 
Zenshi who published a work in two parts, the Goinei Sam 
of which the first part appeared in 1814 and the second 
1826. There is a charming little touch of Japan in the f 
that many of the problems relate to figures, and in partici 
to groups of ellipses, that can be drawn upon a folding f 
that is, upon a sector of an annulus. 
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lyezaki gives also some problems in the yejiri of a rather 
advanced nature. For example, he gives the area of the 
maximum circular segment that can be inscribed in an isosceles 
triangle of base b and so as to touch the equal sides as 

s — ^2 

4 

He also states that if an arc be described within a right 
triangle, upon the hypotenuse as the chord, and if a circle be 
drawn touching this arc and the two sides of the triangle, the 
maximum diameter of this circle is 

-j(«+ l>—c), 

where a, b and c are the sides. 

Contemporary with lyezaki, or immediately following him, 
were several other writers who paid attention to figures drawn 



Fig. 44. From Yamada Jisuke’s Sampo Tenzan Shinan 
(Bunkwa era, 1804 — 1 818). 


Upon fans. Among these may be mentioned Yamada Jisuke 
whose Sampd Tenzan Shinan (Instructor in the tenzan mathe- 
matics) appeared early in the century (see Fig. 44); Takeda 
Tokunoshin whose Kaitei SampD appeared in 1818 (see Fig. 45); 
Ishiguro Shin-yu (see Fig. 46), already mentioned in Chapter V 
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Yoshikazu, whose Sangaku Keiko Daizeji, an excellent com- 
pendium of mathematics, appeared in 1808 and again in 1849. 

Also contemporary with lyezaki was Shiraishi Chochu (1796- 
1862) who published a work entitled Shamei Sample'^ in 1826. 
He was a samurai in the service of Lord Shimizu, a near 
relative of the Shogun. While most of the problems in this 
treatise relate to the yenri, there is some interesting work in 
the line of indeterminate equations. One of these equations 
bears the name of Gokai Ampon, and like the rest was hung 
before some temple. The problem is as follows: 

“There are three integral numbers, heaven, earth, and man, 
which being cubed and added together give a result of which 
the cube root has no decimal part. Required to find the 
numbers.” 

The problem is, of course, to solve the equation 
= in integers. The solution is given in Gokai’s name, and 
he is known to have been an able mathematician, but whether 
it was his or Shiraishi’s is unknown. In a manuscript com- 
mentary on the work^ the following discussion of the equation 
appears : 

First a table is constructed as follows: 

13+ 7= 23 123 + 469= 133 

23 + 19= 33 133 + 547= 143 

33 + 37== 43 143 + 631 == 153 

43+ 61= 53 153+ 721= l63 

i63 + 817= 173 

17^ + 913 = 1^3 

63 + 127 = 73 
73 + 169 = 83 
83 + 217 = 93 
93 + 271 = 103 




103 + 331 == II3 
II 3 + 397= 123 


1023+31519=1033 


1 Mathematical Results hung in Temples. 

2 Shamei Sampu Kaigi. 

3 In the table these missing numbers are given, but they are not necessary 
for our purposes. 
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Taking the second terms, 7, 19, 37, it will be seen 
the successive differences are as follows: 

7 19 37 91 127 

12 18 24 30 36 

6 6 6 6 


We can thus easily pick out the numbers that are the s 
of two cubes, such as 91 == 3^ + 4‘5, 1027 = 33 4. io 3 , and 
on, and frame the corresponding relations as has been c 
in the table, adding others at will, such as 


Then writing 
from 

we can derive 


1973 + 117019 = 1983 
3063 + 281827 = 3073. 

+ I, 

+ y3 + ^3 =s 


4 {x 2 ) -j- 

~ 3 


3- = 4 y^ + 4;' + I- 


(I) 


Then writing the selected equalities in the form 

434. 53 4. 33 r= 63 313 4. 1023 4- 123 = 1033 

103 + i83 + 33 =: 193 463 + 1973 4. 273 = 1983 

193 + 533 4- 123 = 543 643 4 - 3063 4 - 273 = 3073 

we notice that our values of ;ir, y, <sr, and n may be expre; 

as follows: 


;ir 

3-1 + I 

3-3 + I 

3-6 + I 

3*10 4 - I 

3-15 + I 

3.21 

y 

5 

18 

53 

102 

197 

306 

z 

3 - 1 “ 

3 -I" 

3.2“ 

3.2* 

3 - 3 * 

3 - 3 ’ 

n 

6 

19 

54 

103 

198 

307 


We therefore see that ^ is of the form Corresponc 

to this value of js, x is of the form 


;ir==3(i4-2 + 34-...+r) + i, 
where r=2^— i or 2 a, alternately. That is, 
;ir = 6a^ + 3^ + 


Substituting; these values in (i) we have 

324^^ + 432^^5 + 360(^:^ + 180^3 4. 60^2:^+ 12^3: + I 
= 4 j /^ + 47 + I, 

(fom which 

7 = 4 6^2 4 or 9^3 — 5^2 _j_ 2^—1^ 

^nd = 7 4 I == 9^3 4 6^2 2^ 4 QY ga ^ — 6^^ + 3^, 

\vhich gives the general solution. 

Among the geometric problems given by Shiraishi two, given 
[n Ikada’s name, may be mentioned as types. 



The first is as follows : 'An ellipse is inscribed in a rectangle, 
and four circles which are equal in pairs are described as 
shown in the figure, A and B touching the ellipse at the same 
point. Given the diameters (a and 3) of the circles, required 
to find the minor axis of the ellipse.” The result is given as 
a 4- 3 + Y\2a + 3) b. 

The second problem is to find the volume cut from a sphere 
by a regular polygonal prism whose axis passes through the 
center of the sphere. 

There are also two problems given as solved by Shiraishi’s 
pupils Yokoyama and Baishu, of which one is to find the volume 
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cut from a cylinder by another cylinder that intersec 
orthogonally and touches a point on the surface, anc 
other is to find the volume cut from a sphere by an e 
cylinder whose axis passes through the center. 

The Shamei Sampu contains a number of problems o 
general nature, including the finding of the spherical si 
that remains when a sphere is pierced by two equal ci 
cylinders that are tangent to each other in a line throug 



44 “T" i. 



« ^ a 


Fig. 47. From Iwai Juyen’s Sampo Zasso (1830). 


center of the sphere; the finding of the area cut frc 
spherical surface by a cylinder whose surface is tange 
the spherical surface at one point; the finding of the vc 
cut from a cone pierced orthogonally to its axis by a cyl 
and the finding the surface of an ellipsoid. 

Shiraishi also wrote a work entitled Suri Mujinzo^ 1 


I An inexhaustible Fountain of Mathematical Knowledge. It is gi 
Ikeda^’s name. 



/as never printed. It is a large collection of formulas and 
elations of a geometric nature. His pupil Kimura Slioju 
lublished in 1828 the Onchi Sansd which also contained 
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numerous problems relating to areas and volumes. Interef 
tangent problems analogous to those given by Shiraishi 
found in numerous manuscripts of the nineteenth ceni 
Illustrations are seen in Figs. 50 and from an und 
manuscript by one Iwasaki Toshihisa, and in big. 48, j 
a work by Aida Yasuaki. 

Another work applying the yenri to mensuration, the Sa 
Zasso, by Iwai Juyen (or Shigeto), appeared in 1830. 
was a wealthy farmer living in the province of Joshu an( 
had studied under Shiraishi. He also gives the probler 
the intersecting cylinders (see Fig. 47), and the probler 
finding the area of a plane section of an anchor ring. 



1837 Iwai published a second work entitled YeJiri Hydsk 
although it is said that this was written by Kemmochi Yosl 
In this the higher order of operations of the ye^iri were 
made public, and some notion of projection appears. An( 
work published in the same year, the Keppi Sanipd by 1 
ike Hisamichi, resembles it in these respects. Hori-ike^s 
mio Sampd (1829) contains some interesting fan prob 
(see Fig. 49). 

More talented as a mathematician, however, and much \ 
popular, was Uchida Gokan,^ who at the age of twenty-s 


1 The Method of the Circle Principle explained. 

2 Or Uchida Itsumi. 
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Fig. 50. Tangent problem, from a manuscript by Iwasaki Tosbihisa. 
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published a work that brought him at once into prominen* 
Uchida was born in 1805 and studied mathematics unc 
Kusaka, taking immediate rank as one of his foremost pup 
In 1832 he published his Kokon Sanka 7 i'^ in two books whi 
included a number of problems that were entirely new, a 
did much to make the higher yenri. Sections of an ellip 
wedge, for example, were new features in the mathematics 
Japan, and the following problems showed his interest in t 
older questions as well: 



There is a rectangle in which are inscribed an ellipse a 
four circles as shown in the figure. Given the diameters 
the three circles A, B and Q viz., a, b and it is requir 
to find the diameter of the circle D. 

The rule given is as follows: Divide a and b by c, and ta 
the difference between the square roots of these quantitii 
To this difference add i and square the result. This multipli 
by c gives the diameter of D. This rule was suspected 
the contemporaries and the immediate successors of Uchic 
but they were unable to show that it was false.* Uchida w; 

1 Mirror (model) of ancient and modern Mathematical Problems. 

2 For this information the authors are indebted to T. Hagiwara, the o; 
survivor, up to his death in 1909, of the leaders of the old Japanese scho 


however, aware of it, although it appears in none of his 
writings.* Uchida also gave several interesting fan problems 
[see Fig. 55). 

Uchida died in 1 882, having contributed not unworthily 
to mathematics by his own writings, and also through the 
ivorks of his pupils.* Among the latter works are Shino 
s^hikyo^s Kakki Sampo (1837), Kemmochi’s Tan-i Smnpo (1840) 



ig. 5^* Problem of spheres tangent to a tetrahedron, from a manuscript 
by Iwasaki Toshihisa. 

.nd Smnpd Kaiwun (1848), Fujioka’s Sampo Yenri-tsu (1845), 
fakenouchfs Sampd Yenri Kappatsu (1849) Kuwamoto 
/lasaaki^s Sen-yefi Kattsu (1855), i^ot to speak of several others. 

1 This information is communicated to us by C. Kaw AKITA, one of 
Ichida’s pupils. 

2 C. Kawakita’s article in the Ho 7 ichd Sugakti Koen-shfiy 1908, p. 20. 
hino Chikyo’s norn de plmne was Kenzan. 
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Among the contemporaries of Wada should also be m< 
tioned Saito Gigi, whose Yenri-kan appeared in 1834. It 
possible that the real author, was Saito’s father, Saito Gic 
(1784-1844), who also took much interest in mathemat: 
Father and son were both well-to-do farmers in Joshu w 
whom mathematical work was more or less of a pastime. 1 
Yenri-kan deserves this passing mention on account of 
fact that it contains a problem on the center of gravity, s 
several problems on roulettes. 





Fig. 52. From Kobayashi’s Sampo KoT-en (1836). 


In 1836 appeared Kobayashi Tadayoshi’s Sampd Koren 
which is considered the volumes of intersecting cylinders an 
problem on a skew surface. The latter is stated as folio 
“There is a 'rhombic rectangle’’^ which looks like a rectar 
when seen from above, and like a rhombus when seen fr 
the right or left, front or back. Given the three axes, requi 
the area of the surface.” Here the bases are gauche qua 
laterals. (The drawing is shown in Fig. 52.) Saito also publis! 
a similar work, the Yenri Shinshin, in 1840. 


^ This is the literal translation of choktt bishu The figure is a solid 
is defined in the problem. 


At about the same period there appeared numerous works 
of somewhat the same nature, of which the following may be 
mentioned as among the best: 

Gokai Ampon’s (1796— 1862) SampD Sernmon Sho (1840), a 
work on the advanced tenzan theory, with some treatment of 
magic squares (Fig. 54). 



Fig* S 3 * From Murata’s Sampo Jikata Shinan (1835). 


Yamamoto Kazen’s Sampo Jojutsu^ (1841), containing an 
extensive list of formulas and excellent illustrations of the 
problems of the day (see Fig. 57). 

Murata Tsunemitsu’s Sokuj/en Shokai (1833), relating to the 
tenzayi algebra applied to the ellipse, and his Sampo Jikata 
Shinan (1835), dealing with enginering problems (Fig. 53). 
Murata’s pupil Toyota wrote the Sampo Dayen-kai in 1842, 
also relating to the tenzan algebra applied to the ellipse.® 


* Aids in Mathematical Calculation. 

2 Besides Murata’s work we have consulted Endo, Book III, p. 129. 







Fig. 54. Magic Squares from Gokai's Sampo Sem?non S/w (1840). 


A work by a Buddhist priest, Kakudo written in Kyc 
in 1794 and published in 1836, entitled Yenri Kiku Sam^ 
giving a summary of the yenrL 

Chiba Tanehide’s Sampd Shin-sho (1830), , a large compendii 
of mathematics, actually the work of Hasegawa Kan. 







Fig. 55. From Uchida’s Kokon Sankan (1832). 


The SampD Tenzan Tdnkigusa, of which the first part was 
published by Yamamoto in 1833 and the second part by 
Omura Isshu (1824 — 1891) in 1841. This was a treatise on 



Fig. 56. From Minami’s SamJ^o Yemi Sandal (1846). 
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tenzan algebra. Some of the fan problems in this work are 
considerable interest. (See Fig. 58.) 

Kikuchi Choryo’s Sampo SeisU Kige?tsho (1845), a trea 
on indeterminate analysis. 



Tig- 57 * From Yamamoto Kazen’s Sam/'o yojutsu (1841). 
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Minami Ryoho’s Sampo Yenri Safidai (1846), with some 
treatment of roulettes (see Fig. 56) and the Jimtendo Sampu^ 
(1847) by Iwata Seiyo and Kobayashi (not Tadayoshi). Curi- 
ously, the first ten pages of Minami’s work are numbered with 
Arabic numerals. 

Kaetsu’s Sampo Yenri Katsuiid (1851), a work on the higher 
yenri. This was considered of such merit that it was reprinted 
in China. 

Iwasaki Toshihisa’s Yachu zak kai (1831), Sakii yen riu kwai 



yuntendo Mathematical Problems. 
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V, and Shhnjieki sampo^ all works of considerable merit in the 
ne of geometric problems. 

Baba Seito’s Shi-satsu He7ikai (1830), generally known by 
lie later title Sanipd Kisho. 

ITasegawa Ko’s Kyuseki TsUko'^ (1844), published under the' 
.ame of his pupil Uchida Kyumei. This is more important 
lian the works just mentioned. It consists of five books and 
lives a very systematic treatment of the yenri, beginning 
•-'itli the theory of limits and the use of the ^‘folding tables” 
'fWada Nei. It treats of the circular wedge and its sections, 
►f the intersections of cylinders and spheres (see Fig. 59), of 
'Vals, or circles of various classes, as studied by Wada, and 
Iso of the cycloid and epicycloid. 

TMie stud^^ of the catenary begins about i860. The first to 
live it attention were Omura and Kagami, but the first printed 
/ork in which it is discussed is the Savipo Hoycn-kan (1862) 
if Ilagiwara Teisuke (1828—1909). Another interesting problem 
/liich appears in this work is that of the locus of the point of 
:onlact of a sphere and plane, the sphere rolling around on 
he plane and always touching an anchor ring that is normal 
t ) 2ind tangent to the plane. Flagiwara also published a work 
mlitled Sa 7 njyd Yenri Shiro7i (1866) in wliich he corrected the 
c.suU:s of thirty-four problems given in twenty-two works 
>ul>lishcd at various dates from the appearance of Arima’s 
shiiki Sajfipa (1769) to his own time (see Figs. 60,61). He also 
published a work entitled Yoiri Saii-yo (1878), the result of 
lis studies of the higher problcm.s. His manuscript called 

he Reikaji SainpO was published in 1910 through the efforts 
)f a number of Japanese scholars. Hagiwara was born in 
[828, and was a farmer in narrow circumstances in the 
province of Joshu. Not until about 1854 did he take an 
ntcrest in mathematics, but when he recognized his taste for the 
iubjcct he became a pupil of Saito’s, traveling on foot ten 
iiilcs on the eve of a holiday so as to have a full day with 
lis teacher. Flis manuscripts were horded in a miserly fashion 


I General Treatment of Quadrature and Cubatiire. 
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until his death, November 28, 1909, when the last great m 
matician of the old school passed away. 

Mention should be made at this time of the leading m 
maticians who were the contemporaries of Hagiwara, and 
were living when the Shogunate gave place to the Empj 
1868. Of these, Hodoji Wajuro was born in 1820 and 
in 1871.'' He was the son of a smith in Hiroshima, and alth 
he led a kind of vagabond existence he had a good de 
mathematical ability. It is said that he was the real a' 
of Kaetsu’s Yenri Katsiino. Several other books are ki 
to have been written by him, but they were not publ 
under his own name. 

Iwata Kosan (1812*— 1878), born a samurai, devotee 
attention particularly to the ellipse. The following is his 
known problem: 

Given an ellipse E tangei 



two straight lines and to 
circles, A, />, C, D, as sho\ 
the figure. Given the diam 
of A, B and 6”, required to 
the diameter of 1 ). Ills soli 
given in 1866, is essentially t\u 
portion a : 0 =« c : d, where a, 
d are the respective diamete 
A, B, C and D, I'he pro 
was afterwards extended to 
four conics instead of four ci 
by II. Terao and others. 

Kuwamoto Masaaki wrote 
Senyen KaUsil in 1855, and 
he treated of roulettes of va 


kinds (see Fig. 62), of elliptic wedges (see Fig. 63), and < 
forms at that time attracting attention. 

Takaku Kenjiro (1821 — 1883) wrote the AjWv/.r// laisei- 
in which he made some contribution to the tlieory of ma 
and minima. 


C. Kawakita, in the Hoficko Sugaku Koefishu, p. 23. 
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Fig. 60. From Hagiwara’s Sampo Yenri Shiron (1866). 

Fukuda Riken (1815 — 1889) lived first in Osaka and finally 
in Tokyo. He was a teacher of some prominence, and his 
Sampd Tamatebako appeared in 1879. 
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Yanagi Yuyetsu (1832 — 1891) was a naval officer who gave 
some attention to the native Japanese mathematics. 



Fig. 62. From Kuwamoto Masaaki’s Sen yen Ju7//s/7 (1855). 

Suzuki Yen, who may still be living wrote a work (1878) upon 
circles inscribed in or circumscribed about figures of various 
shapes. 
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Thus closes the old wasan, the native mathematics of Japan. 
It seems as if a subconscious feeling of the hopelessness of 
the contest with Western science must have influenced the 
last half century preceding the opening of Japan. There was 
really no worthy successor of Wada Nei in all this period, 
and the feeling that was permeating the political life of Japan, 
that the day of isolation was passing, seems also to have 
permeated scientific circles. With the scholars of the country 
obsessed with this feeling of hopelessness as to the native 
mathematics, the time was ripe for the influx of Western 
science, and to this influence from abroad we shall now devote 
our closing chapter. 


CIIAITKR XIV. 


The Introduction of Occidental Mathematics. 

We have already spoken at snnie lenpdh iti i hapdcr 
the possible eonneetion, slip.ht at the inn.st» lietween the i 
inalics of Japan and ICunipe in tlu* seventt'enth century, 
possibility of sueli a connection iiuaeased as lime we 
and in the nineteenth century the mathenuitics of the 
finally usurped the place t»f the rct/vi///. Durinp; this 
of about two (‘euturi(‘s, fr«>m ibju to the openitt‘»' (jf Ja] 
the worhl, kniuvledoe of tlu: hairopean niatluanatics was 
lindinp; its way acn^ss the liarrier., not alone thn>u|. 
ap;cncy of the Dutch traders at Natpisaki. but also l)y 
of the later Chinesi* works vvhitsh were written under t 
flucnce of the Jtrsuit missinuarics, 'bhesr uussi«»narirs 
men of i^trcat learnin'p and tlu*}* !.»ep;an their career I 
|,)ressin|.p this Icarninp,' upon tlu* Dhittese pcn»|.»le of liipji 
Matteo Ricci (1552 ibtu), fiir example, with tlie lielp < 
I Isii Kuan«.pchin^t ( 1 H»34 1 , translated luudid int 
(,’hincse langua^p* in 16^7, ;uul he and his tsilDaipies 
known the Western astronomy to tlu* savants ot' I'ekii 
must l>e admilietl, however, lliat onl)* ,‘aiiall bits of this le 
could have found a way into Japan. Hiurliti, fi»r cKani|.ilc, 
to Itave been unknown there tmti! alumt tlu* iH'ipmuri't 
eighteenth century, anti not to have* l:u:en well known ft. 
and a, half t:cnturics after it aj>pcs.irc:d in iVking. 

Some mention .should, however, be made t)f llie work 
for a brief period by tlic Je^;uitH in Jaiiaii itself, a |K-,iHstl 
fluence on mathematics ihnt hris fint rf»efivr*d dtti-* 
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attention.^ It is well known that the wreck of a Portuguese 
vessel upon the shores of Japan in 1542 led soon after to the 
efforts of traders and Jesuit missionaries to effect an entry into 
the country. In 1549 Xavier, Torres, and Fernandez landed at 
Kagoshima in Satsuma. Since in 1582 the Japanese Christians 
sent an embassy carrying gifts to Rome, and since it was 
claimed about that time that twelve thousand* converts to 
Christianity had been received into the Church, the influence 
of these missionaries, and particularly that of the “Apostle of 
the Indies,” St. Francis Xavier, must have been great. In 1587 
the missionaries were ordered to be banished from Japan, and 
during the next forty years a process of extermination of 
Christianity was pursued throughout the country. 

In none of this work, not even in the schools that the 
Jesuits are known to have established in Japan, have we a 
definite trace of any instruction in mathematics. Nevertheless 
the influence of the most learned order of priests that Europe 
then produced, a priesthood that included in its membership 
men of marked ability in astronomy and pure mathematics, 
must have been felt. If it merely suggested the nature of the 
mathematical researches of the West this would have been 
sufficient to account for some of the renewed activity of the 
seventeenth century in the scientific circles of Japan. That 
the influence of the missionaries on mathematics was manifested 
in any other way than this there is not the slightest evidence. 

It should also be mentioned that an Englishman named 
William Adams lived in Yedo for some time early in the 
seventeenth century and was at the court of lyeyasu. Since 
he gave instruction in the art of shipbuilding and received 
honors at court, his opportunity for influencing some of the 
practical mathematics of the country must be acknowledged. 
There is also extant in a manuscript, the Kikiijutsu Defirai no 
Maki, a story that one Higuchi Gonyemon of Nagasaki, a 

1 There is only the merest mention of it in P. Harzer’s Die exakten 
Wissensckaften ini alien Japaut Kiel, 1905. 

2 Some even claimed 200,000, at least a little later. E. Bohum, GeO ’- 
graphical Dictionary, London, 1688. 
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scholar of merit in the field of astronomy and astrology, lear 
the art of surveying from a Dutchman named Caspar, 
not only transmitted this knowledge to his people but- ; 
constructed instruments after the style of those used in Eure 
Of his life we know nothing further, but a note is addec 
the effect that he died during the reign of the third Sho 
(1623 — 1650). A further note in the same manuscript relj 
that from 1792 to 1796 a certain Dutchman, one Peter Waliu 
gave instruction in the art of surveying, but of him we ki 
nothing further. 

In the eighteenth century the possibility that showed i1 
in the seventeenth century became an actuality. Europ 
sciences now began to penetrate into Japanese schools, ei1 
directly or through China. In the year 1713, for example, 
elaborate Chinese treatises, the Li-hsiang K'ao-clieng and 
Su-li Ching-Yiin, which had been compiled by Imperial ec 
were published in Peking. Of these the former was 
astronomy and the latter a work on pure mathematics, 
each showed a good deal of Jesuit influence. These bo 
were early taken to Japan, and thus some of the trend 
European science came to be known to the scholars of 1 
country. There was also sent across the China Sea the 
sitari Ch'iian-shu in which Mei Wen-ting’s works were collec 
so that Japanese mathematicians not only came into sc 
contact with Europe, but also came to see the progress 
their science among their powerful neighbors of Asia. Tak 
for example, is said to have studied Mei’s works and to 1 : 
written some monographs upon them in 1726.^ 

Nakane Genkei (1662 — 1733) also wrote, about the sj 
time, a trigonometry and an astronomy (see Fig. 64) based 
the European treatment,* the result certainly of a study 
Mei Wen-ting’s works and possibly of the Su 4 i CJiing- \ 


1 Endo, Book II, p. 69. There is a copy in the Imperial Library. 

2 The Hassen-hyd Kaigi (Notes on the Eight Trigonometric Lines), 
the Tenmoit Zukwai Ilakki (1696). He also wrote the Kowa Tsureki anc 
Kb reki Sampo (1714). 
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His pupil Koda Shin-yei, who died in 1758, also wrote upon 
the same subject The illustrations given from the works on 
surveying by Ogino Nobutomo ' in his Kikii Gefifid Chokcn of 
1718 (Fig. 65), and Murai Masabiro in his Rio chi Shinan of 

17 
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about the same time (Fig. 66) show distinctly the European 
influence. 

Later writers carried the subject of trigonometry still further, 
hor example, in Lord Arima’s S/ifiki Sa^npo of 1769 there 
appear some problems in spherical trigonometry, and in Sakabe’s 
Sampo Teurjan. Shinan-rokii of 1810—1815 the work is even 
more advanced. Manuscripts of Ajima and Takahashi upon 
the same subject are also extant Yegawa Keishi’s treatise 



on spherical trigonometry appeared in 1842. Some of the 
illustrations of the manuscripts on surveying are of interest, as 
is seen in the rc})roduction.s from Igarashi Atsuyoshi’s SJiinki 
Sokurio hi) of about 1775 (Fig. 67) and from a later ano- 
nymous work (Fig. 68). 

The European arithmetic began to find its way into Japan 
in the eighteenth century, but it never replaced the soroban 
by tlie paper and pencil, and there is no particular reason 
why it should do so. Probably the West is more likely to 

17* 






Fig. 68. From an anonymous manuscript on surveying. 
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evidence nf his havini; stiHliiHl iiiarhcaiialii's. 

thcless one cannot he in toiieli wiili ilie seiontiiii* liit-r 
a language willumt eoiuing in (‘oiii.iei with the gnici 



Kig. 69. From Hinuii K«?nkiclii*i Xai.i*} filiowitti: 

tiie Napier rcitli. 


of thought in variouH lini’s, and it is Intrclly jtcxsMi 
Mayeno failed to communicate in matlieiiuilicians tit 
of the work of their unkm.Avn emfrtTrs aliroaii. 


Contemporary with Mayeno was scholar by the name of 
Shizuki Tadao (1760 — 1806)/ an interpreter for the merchants 
at Nagasaki. At the close of the eighteenth century, he began 
a work entitled Rekisho Shinsho^^ consisting of three parts, 
each containing two books, the composition of which was 
completed in 1803. The treatise, which was never printed, 
is based upon the works of John Keill.^ The first part treated 
of the Copernican system of astronomy and the second and 
third parts of mechanical theories. The latter part of the 
work may have had its inspiration in Newton’s Prmcipia. It 
was the first Japanese work to treat of mechanics and physics, 
and it is noteworthy also from the fact that the appendix to 
the third part contains a nebular hypothesis that is claimed 
to have been independent of that of Kant and Laplace. Since 
by the statement of Shizuki his theory dated in his own mind 
from about 1793,^ while Kant (1724 — 1804) had suggested it 
as early as 1755, although Laplace (1749 — 1827) did not 
publish his own speculations upon it until 1796,5 he may 
have received some intimation of Kant’s theory. Nevertheless 
Laplace is known to have stated his theory independently, so 
that Shizuki may reasonably be thought to have done the 
same. 

It should also he stated that in Aida Ammei’s manuscript 
entitled Sampo Densho Mokuroku (A list of Mathematical 
Compositions) mention is made of an Oranda Sampo (Dutch 
arithmetic). This must have been about 1790. 

Contemporary with Shizuki was the astronomer Takahashi 
Shiji, who died in 1804, aged forty. He was familiar with the 


1 He is represented in Endo’s History, Book III, p. 36, as Nakano Ryuho, 
Rytlho being his nom de plume^ and the date of his book is given as 1797. 

2 New Treatise on subjects relating to the theory of Calendars. 

3 John Keill (1671 — 1721), professor of astronomy at Oxford. It is said 
by Dr. Korteweg to have been based upon a Dutch translation of these works, 
but we fail to find any save the Latin editions. 

4 K. Kano, On the Nebular Theory of Shizuki Tadao (in Japanese), in the 
Toyd Gakugei Zasshi, Book XII, 1895, pp. 294 — 300. 

5 Exposition du Sysihne du Monde, Paris 1796. 
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Dutch works iipou his subject, ;uui his writiniis coula 
tracts from some one by the name c»f John lalius* ant 
various other ICuropeau scholars. 

The celebrated oe‘»prap!uT IiU' (Miukci ' 18211, 

great survey <»f Japan has alread}' iuren uicutitmcd, 
pu|)il of Takahashi’s, wlu> translated I. a I.andc, and tiuu 
to know of the hairopean thcor)* t>i Ins sul>ject. wliich lie > 
out in his fieltl WiU’k. It might also be saitl that the sh 
the native Japanese instruments uscal liy rutrvc*\*t»rs early 
nineteenth century (sec Mg'. 71P \v«:*rc n«.*t unlike those in 
ICurope. lliey were licautifully made and were as accu 
('ould he expected of any instrument bearing a tel« 
ll should be addcal that IiU) was not tlie fust let u .e Ki\ 
methods in his surveys, for Nagakula^ Sekisui id" Aiito 1 
the art of ma|> drawing, fnuu a I hileliman in Nagasaf 
imblished a map on this plan in 

Takahashi Shiji’s s«in, Takaha'.hi K ag, cg\‘a'ai/' was 
Shogunati* astrt>nomcr and as alr«%ui)' i elates! lie diial in 
ha* having ext:hang,eii maps willi a iiciman M’ientist 
Dutch .service, 'riiis seientrM uas Plultp bVan/. von 
(1706 iHofa), the iirst European seientist t«.i c*xplorr tlu* c 
lie was I)<»rn at Wur/lmrg., t nn’mairy; and attcinled tl 
vcr.sity there. In 1K22 he entereil t!ie serviec ot’ tlie ¥ 
the Ncthcrlaruls as nuniica! officcu’ m thr’ kktsi Indian 
and was sent to Deshima. tlie Dutch settlement at Na 
His medical skill enahlei! him to tsane in cunl#u:t, with ja 
peopk* of all ranks, anti in this way he had t:om|iai 
free access to the interior of" tlie isnuitry, Well trainc: 
scientist and well supplita.l with scienlitit* instniiiu'nts an 
a Considerable number of native colleitt^irs, he setuired ^ 
arnoimt of scientific inform.*tlion a |ie>'*pl^* 

i ‘rhis in rccoi'drU in Urn Unt td’ he* wtiliiiir** grcfieireil l<y Sli 
ICciyu, 'rfikahusln'n netmnd non. I’hr ii:yar ihtf^ ii|'i|teitr*i tii 
as Uiriitsu, with the nnunl trunnlitroUimi wf ? ffir /■ Wry likriy if ws 
thing from the writings *4 the wrII4oit»W'« 4 e*tfidp|»er William hilly. 

Also caked Takahashi Kcih*'*, Kiigeyasii t.iciii|* mrrrly another 
of Keiho. 



:ustoms and country up to this time had been practically 
niknown to the European world. As a result he published 
n 1824 his J)e Histona Fauna Japonica, and in 1826 his 
^ipito})ie LingUiC yaponictc. He later published his Catalogus 
[jbroriun Japonicorian, Isagoge in Bibliothecam Japonicajn, and 


Fig. 70. Native Japanese surveying instrument. Karly nineteentli century. 


Hildiotheca Japonica, besides other works on Japan and its 
)eoplc. It is thus apparent that by the close of the first 
juarter of the nineteenth century Japan was fairly well known 
:o the outer world, and that foreign science was influencing 
;he work of Jaj)anese scliolars. 
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Indeed as early as i8n this ititerrclatii *n ut' knowlctli 
St) far advanced that a ll»>an! id” 'I'raiislatuui was t- 4 a 
in the Astronuinical C)l>servati‘i'}' in Waio. beiny, aftirrwartl 
changed intt) an Institute fu' the Investiiyitii *n of Mu 
Books. Both of thest‘ titles wert‘ auspiiious, l)ut they 
disappointing niisru>iners. Not until itygy was an}*' note 
result of the labors (»f tlu* Institute apparetU. and tlu: 
in tlie prei)aratii»n (»f the .Se/>riv' .SVwwyrv/ b\* \hunaji 
and a few others, and in a train.lation (d‘ I. a I.aiulc*.^ 

h'oreign inlluencc shows itself irulirectly in a niar 
written in 1812 by Sakabe Ksihan. 11 ns i's upon the 
of navigati(»u and is baset! up“ii tlie N|dn*rica! astruin 
the W'est. Another work along tin* same the 

/Uis/im-rid'u, was published in tMn !>}' Sakabe. 

In 1823 Voshio Shun/o puldrliei! In*- K'W.O'-/ /S///.v/;e / 
in three biudcs. lids woik is ta*nh.'ssi'dl} leased U|'» 
Dutcli \vt>rks of .Martin-^ and Mailiiietr^ as is slated 
introdiudt a*}' ttote b}’ Kusano \ ojun. 

‘ (n-atui'-uti ot \ amaji Shu|.-, a S|i*-»,;uiear I* 

w;c* uevn prijnol. 

*** II i;i MiinrliuHo ’.nid tiiat iho w.e. l-^tura ii.ai nrima*’* Wnitl'i. 
Maricu:. nciuja(iHot ■- wfutr on fhr loii'o tU' .‘--.non tien 

in 1S42 uinl and ihrrr* is* um Mihn iHjlvh m! n*»!r hu h' 

hy lids lumic. 

S Urobably M.uiitius Muiirnsi, f A'/a-Vs-; ; s*. 

AW/»s;Ao/V-^/ Je*^ II V.v? tr'A*#*/.//, Ani’.lrid.uii, 1 7 ’I d '‘niit'f 'i 

it us {'uMi'.hcf! yrue. rurltre 

4 jtduimue. Idon’UUus Muttinfsi tlji'i . Hoi A.iss A .rf.v , a.,-; 

M777 *779) i^ mrojdfd dy b- lui jO'S'*. nr I b %% /s .i'.op.o W/ 
Horne, iHSj, \k iKji U'. h;ivit}i; Hrm n.urilatrit iuh* Unaijr-ir hy 
Suinmr, Init with no iiitornniiiois u*» !«> |-n!dir.au.i« rr»ifp', -.iif 'i\ 
who ha^ Ijivrn ^eholarly atlrnUs>« n» for* ’.v,l.|rta, 1% *adr !■<.! imd 
of ttoH trauilainm. See he* uiiudr.^, J A a „l o, 

U,i /AAA##/*/ /.* /A S" -sr;/ /;/ >' r .0 r'.' Am 

/wg’/M/ ft.-tfi .Uid .O'*#/.' /*//;', ■'■/ ./'■ *'. - fjf j- i/ .ns.i 

.SV/.-'#/, .0, rfr , in thr A.-r/#..' , -I*. ';#.•■ ; >,'? H/.osfO", *ttrri|r /rt 

and iH'ijende tlrrl. I'oNitildy the !# aiistlafooi %% .0 ii.rfc!\ 'oidis#/- wu 
iiientinned, tditcc in* ^rcoiMiaiy tide 1% * '.j//. A o . 

f? The walk wa*-* |•wl 4 ^■.hed hy him imuna hr^oi r^.dly dn 
Ycishio HhiiruO. 
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In the Tempo Period (1830 — 1844) Koide Shuki translated 
some portions of Lalande’s work on astronomy, and showed 
to the Astronomical Board the superiority of the European 
calendar, but without noticeable efifect^ 

In 1843 Iwata Seiyo published his Ktibo Shinkei Shind (a 
work relating to the telescope) in which he made use of 
pAiropean methods in astronomy.^ 



Fig. 71. Native Japanese surveying instrument. 

Early nineteenth century. 

In 1851 Watanabe Ishin published a work on Illustrating the 
Use of the Octant, in which he even adopted the Latin term 
as api)ears by the \ii\.t,— Okutanio Yoho Ryahi-zusetsu, He 
was followed by Murata Tsunemitsu in 1853 on the use of the 
sextant. An octant had been brought from Europe in 1780, 

X Fukuda, Sampo Tamatchako^ 1879. 

2 Endo, Book III, p. 131. 



but had been kept in the stnrehnust! nf the t i|)scrvatun* b 
no one on the Shcigunalt* AslriiUt aiiical IumhI knew li 
use it. Mnally Vamaji Kaikt> anti a tew takers wtaivct 
it until they understood it, anti Wkitanalaa wlui was an 
in g'unner\% wnde the work alneve inrntitaicd. lie. ho 
was not aware tif its use in astro»noiii\% i.aily sluaviu’,*^' 
miitht l)e ein|')U-»yed in nieasitrin-;' distanees in survt‘yiie,.,».' 
sextant was imported st>inew!iat latei' than tlie t>etanU 
use was irot understtHui until Muratti 'rsuneiuitsu pul 
his work, and even then it was cmplox'eti tinlx* in ter 
mcnsuratit»ir.® 

The Japanese lirst learned ta thnaieji the C 

work, the AW/ r7////;;‘-rW prmtci! at Fekinit in 1713. 
was n<a the onI\‘ C'hinest* puldiiUttion ot the subjeet, lie 
for it is a curious fact tliat cotnplctc riluiun t»f ^ 
tables appCiired in huropc after his deatlu anti tluit th 
pnblicalioir^ thereafter was in lVkin|; in 17.!!,“ a nmmm’ 
Jesuit learning”, '.riu' ethsa of these* i ‘hinest* u»»rks w 
marked, liowiwer. Ajitna, wlm tlied in ijrjK, was tau? 
first Japanese matheinaticiajts tit tan|)loy ItojpiritlHU*'; in [a 
calculathm, and his manuscript uptai tltt* *aifaet.:t was m 
Kusaka iit wriliti*; the AWr// Sam/h’t 1 17*18), but tlie 
were ma. printed. A pa^vfe fri>m :u\ an*»n)an«»us talkie 
undated manuscript entitletl s/un luu^ wv ///a, ijivii 
lo|„pirithms io seven decimal places is shown in tlic illus 
72). 'rile first [n’intml wta’k ttr suyate^a, tin* actu 
of the tables was Hot^k XII tif Salwilie's SdWfii 
nd'u ('Freatise <m I'cn/aa AIgtrbra), puldisiietl in iKio- 
Speaking of them he says: “Allhtnigh tiu'se tables save 
IalK>r, they arc hut little known f«»r the reason that the; 

* Enuh, Hook in. 1». 141. 

3 Kxum, itnii., j*. 143. 

,i nis /.p upljrarcii lit 

4 Thfy haa keen re|inntca in part in 
Af iihmUih\ I oinlon , 0*3 1 , 

fj .1/iW ////»’ . , , /"if-ir Jul.i 
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never been printed in our country. If anyone who cares to 
copy them will appl>' to me I shall be glad to lend them to 
him and to give him detailed information as to their use.” 
He gave the h)garithms of the numbers i — 130 to seven 
decimal places, by way of illustration. He may possibly have 
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Vig. 72. From an anonymous logarithmic table in manuscript. 
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had some Dutch work on the sulncirt, since he knew tlic 
‘‘loi^’arithnij' or possibh' lu: had the I’l'kite.,* tallies of 

and 1721. 

Sakabe further says: “d'he ratios i!U*nlvial in sphiTicai tria 
as i^'iven itt the IJ ( e’;a/e*.v/;,v, are -a > imnuT.. ais t' 
is tedious t<> handle them. SinvU' ailditi'-n aiul siibti'actie 
easier than multiplication and d!\isiMn, haiiMpeaiia ri*qiurt* 
calculations involving the civdtl triiaau aueij ie liiu*s‘ to lie 
l)y means of addiiu..; and subtr'aetin]; loo n'lilmi-,. I hey d 
know, htwvever, how to olitain the a,ni*Jes u!u*n Itie three 
are given, or how to get tiu' sities iroiu the t!ire<.* anpje? 
the use of logarithms alone/' 

'Die first extensive Ioi;arithmi * talilc wa . punted l.n* I 
Shuki f I7<)7— 1865) in 18.14. Another t»nr \\a-. pufihslu, 
Yegawa Keishi in 1857, in whicli thi' I y,aril!ims wm* 
up to io,Cx.xy'^ anti in tht: same ye.ir an t^xfi-n-ave tal 
natural trigonometric hmertions was pnblidied by « tkuinyr, 
Mori Masakatlo, in their AW/.v;/ re;/ ///e. 

Although the tallies wen.' nsis! moi't* tii' in tile firs 
of the nineteenth century, the tlit' a'\“ ot’ loo^anthurs reii! 
unknown ftir a long time iit’ter it was undeu.totMl in C 
Ajima, Aida, Ishi^pm*, atul Ihduda th'«l,an '.reui to liavc' 
the first to pay any attention to tlie riatiii'f* of tliese iiiin 
but few explanations were j>ul in prini nnlil ’Tak«‘iiiura 
kaku puldished his wt»rk in 1854,. Since td.iiida nsec! 
logarillnns to the base u>, his thw.ny as lo dcWi'iopini;' 
is vciy complicatetU 

It is (juite probable tliat s»unc sigujc^iii.iii hMdiiij,,.t t* tlie 
of center of gravity tumul its \v;iy in from llic 
seems the first to have hatl the idea in japan, ami it .ipjic 
his invc.stigation of the volume t.it" the solids i;ciieiviieil li 
revolution of circular arcs. Arirna touches mrai ihe *i 

^ r. e,, the .silt ccunmon fuittUttiiiH w$flt t;lir vpfif4 iisip j 

cover, >ifd nine. 

a Clf a s|»hcriettl trmngli*. 
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n the Shuki Smnpd of 1769, and Takahashi Shiji also mentions 
t But it was not until after the publication of Hashimoto’s 
^ork in 1830, and after there was abundant opportunity for 
European influence to show itself, that the problem became 
It all popular. From that time on it was the object of a 
^reat deal of attention, the solids becoming at times quite 
:omplicated. For example, the center of gravity was studied 
for such a solid as a segment of an ellipsoid pierced by a 
cylindrical hole, and for a group of several] circular cones, 
each piercing the others. 

Similarly we may be rather sure that the study of various 
roulettes, including the cycloid and epicycloid, came from some 
hint that these problems had occupied the attention of mathe- 
maticians in the West. This does not detract from the skill 
shown by Wada Nei, for example, but it merely asserts that 
the objects, not the methods of study, were European in source. 
For the method, the ingenuity, and the patience, all credit is 
due to the Japanese scholars. 

The same remark may be made with respect to the catenary 
and various other curves and surfaces. The catenary first 
appears in Hagiwara’s work above mentioned, and the problem 
was subsequently solved by Omura Isshu and Kagami Mitsuteru, 
being attacked by approximating, step by step, the root of a 
transcendental equation, a treatment very complicated but full 
of interest. The treatment is purely Japanese, even though 
the idea of the problem itself may have found its way in 
through Dutch avenues. 

In the nineteenth century there were a number of scholars 
in Japan who possessed more or less reading knowledge of 
the Dutch language. ( 3 ne of these was Uchida Gokan whose 
name has just been mentioned in connection with logarithms. 
He even called his school by the name ''Matemateka.” Of 
him Tani Shomo wrote, in the preface of a work published 
in 1840,^ these appreciative words; “Uchida is a profoundly 


End?), Book III, p. 102. 

2 Kemmo CHI’ s 7'aH~i Sampo. 
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learned man, and his knuuleii!,;c is exceeding' bread, 
master even of the ‘matheniatiea’ of the Wc-ileni Wt.rkl. 
this knowIed< 4 c his sole snrvivin- pn|)il. (f Kawakita, has 
witness in [)crsoniil etmvci'sation with otic ot the auth< 
this hisbuy, and N, (hcamuto still has some <»[ the ham 
books formerlx’ <avned b\ I ehuLi. Mr. Kawakita assur 
however, that I'chukfs luplua malhematies was his 
aiu .1 was not derived fnan Uuteh sourvi's, meaning th* 
mctliod of treatment was, as we have a!re.tii\ asserted, | 
Ja|)anesc. 

In a manuscript* written in iSe.i leliino Mokvo tells 
ellipsotyaph that Aida Aniinei th’-arpusi trom a drawi; 
soim,* Dutch weak. “In nsttlinp smia' < h.s,:idemal works rect 
he says, “w'e h.ive seen rtssadisl a nu'tlunl o! drawii: 
ellipse that is at tiu* same time vei)’ 'ample' and veiy» 
ficlury,” aiul he sptsik-, ol tlte fast that tlie rernitleali 
the ellipse b\‘ Japanese selii4aif» r. enttrr!;v » si; anal with 
Indeed it wtaild ••.ei*m that tin- %e!r--l.ii-. «»! fhr fMrl\ tiincl 
centurv' waa'e quite ditubllnl a*. b» tin." .iipei ii a tf \ of the Dun 
matluauatics over their owai, w Siieli r. 4 i.uhei iinex|! 
testinuaiy h» the indepeiutnu'e «•! tlie japan*.' .r m tins sv: 
1 ‘luis ( .)\'ama<ia \ tisci U".rs lliesr w^ id . up*»it the sut, 
“Mo|pmii IMktmai saV’. in his dv that tlir ir 

matical Si’ieuee ul our isainlpv i-. uu'.inp.t . .'a! !e, tlial of 
Cliina or iMinqHs” In lln-' '.amr span!, an an-ii\ ntou... ^ 
t>t thc‘ «Mliy p-alt t»t thi’ MHirtrenlli omlall' ■.Uitr-e- llie..c-|^ 
“d'here IS an t ha-idcmtal Work wlirann liir vsdu^' ^4 the eii 
ference* it!' a circle i'* piven iai\ Oeair-., and *♦! 

l>ossess a translation wln*!i I ij.'in :di.ibiilaiw* 

is said that this r-. f'nil\ ile-.. iilird b\' }fhnil'ia la in hr; 1 | 
of the Unadratnrr o| the t'tiDr, pnhanifsi m ippfp I nit, I n 

i I'hr /Oo'*'- 1 . f 1 r " , fijr i 

' III III#' .1,^'; ' 4 f;*r *' 

wiittm e,u!^ in ihf* isH:.r!rrrii'* ^ 


... r nUe *, , 
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stand that this work has not been brought to Japan. I, however, 
have also calculated of late, with the help of Kubodera, the 
value to sixty figures, and not in a single figure does it differ 
from the European result. This goes to show how exact 
should be all mathematical work, and how, when this accuracy 
is attained, the results are the same even though the calcul- 
ations be made by men who are thousands of miles apart.” 
The same writer also says:"^ “Although the Europeans highly 
excel in all matters relating to astronomy and the calendar, 
nevertheless their mathematical theories are inferior to those 
that we have so accurately developed. I one time read the 
Su4i Chmg-yun, compiled by Imperial edict, and in it I found 
a method of solving a right triangle for integral sides, . . . but 
the process was much too cumbersome and it was lacking in 
directness. . . . Moreover I have found certain problems that 
were incorrectly solved, although I shall not mention them 
specifically at this time. From this we may conclude that 
foreign mathematics is not on so high a plane as the mathe- 
matics of our own country.” 

Even such a writer as Koide Shuki had a similarly low 
estimate of the mathematics of the West, for he expressed 
himself in these words; ^ “Number dwells in the heavens and 
in the earth, but the arts are of human make, some being 
accurate and others not. The minuteness of our mathematical 
work far surpasses that to be found in the West, because our 
power is a divine inheritance, fostered by the noble and daring 
spirit of a nation that is exalted over the other nations of 
the world.” 

In similar spirit, the lordly spirit of the old sainurai, Takaku 
Kenjiro (1821 — 1883) writes in his General View of Japanese 
Mathematics ; 3 “Astronomy and the physical sciences as found 
in the West are truth eternal and unchangeable, and this we 
must learn; but as to mathematics, there Japan is leader of 
the world.” 

1 In his Samoa Zuihitsu, 

2 In his preface to Kemmochi’s Tami Sampo, 1840. 

3 For this we are indebted to the writings of C. Kawakita. 

18 
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Hagiwara Teisuke (1828—1909), one of the last of 
native school, also bemoaned the sacrifice of the wasan 
followed on the inroads of Western science. Of his . 
published problems he was wont to say that no Europ 
mathematician could ever have solved them because of t 
very complicated nature. 

Such testimony may be looked upon by some as a disj 
of pitiful ignorance, as in certain respects it was. But on 
other hand it bears testimony to the fact that the mal 
maticians of the old school were not looking to Europe 
assistance, feeling rather that Europe should look to them. 

In view of these opinions it is of interest to read the wc 
of a serious observer of things Japanese in the seventee 
century. Engelbert Kaempfer living in Japan during the j 
of the fifth of the Tokugawa Shoguns (1680— 1709) remaf 
“They know nothing of mathematics, especially of their p 
found and speculative parts. No one interests himself in 1 
science as we Europeans do.”' 

The differential and integral calculus, in its definite West 
form, entered Japan through a Chinese version of the Amerii 
work by Loomis.* This version, entitled 'lai-ivci-chi Shih-i 
was translated by Li Shan-lan in 1859, with the help of Alexan 
Wylie, an English missionary. About the same time sevc 
other treatises were translated into Chinese, but how many 
these found their way into Japan we do not know. 

As to arithmetic some mention has already been made 
the European influence. Yamamoto Ifokuzan says, in 
preface to Ohara Rimci’s 'rcnnan-Skinan of [810, that 
tenzan algebra of the Seki school was merely founded on 
European method of computing. I'or this statement th 

^ Kaempfer’s work was translated from the German by vSciiEncnzER, 
published in I.onclon in 1727 — 1728. 'i'hi.s extract comes through a Gen 
retranslation from the English, by P. IIar/.kr, /or. rit.^ {>. 17. 

2 Elias Loomis (l8ll — 1899). Since the work is cm both algebra and 
calculus it was probably compiled from the lilrntrfiis of New Yi 

1S46. and the Elements of Analytical (Iromctry and of the Diffhential 
Integral Calculus, New York, I <850. 
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seems to be no basis, but it shows that even in the nineteenth 
century the Western methods of computation were not at all 
well known. 

About the middle of the century the European methods 
began to find definite place in Japanese works, if not in the 
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Fig. 73. From Hanai KenkichFs Seisan Sokuchi (1856). 


schools. The first of these works was Hanai Kenkichfs 
Seisan Sokucki (Short Course in Western Arithmetic), published 
in 1856 (Fig. 73), and Yanagawa Shunzo’s Ydsan Yoho (Methods 
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of Western Arithmetic) that appeared in the same year. Th 
influence of these and similar books of later date has bee 
on pedagogical and commercial rather than on mathematic; 
lines. The soroban is as popular as ever, and save for thos 
who proceed to higher mathematics it seems destined to r( 
main so. 

It was about the year 1851 that the Shogunate ordere 
certain persons to be instructed by Dutch masters at Nag: 
saki in the art of navigation. As a basis for this instructic 
Dutch arithmetic was taught and this seems to have been th 
first .systematic instruction in the subject in Japan. In 185 
an institute was founded in Yedo for the same purpose, Dutc 
teachers being employed. One of the pupils in this schoi 
was Ono Tomogord, and from him we know of the work thei 
given.' The course extended over four or five years, an 
Li’s version of the work of Loomis was used as a tex 
book.^ 

The influence of such a work as that of Loomis was ver 
slight, however. Scholars who knew liuropean mathematic 
were few, and the subject was generally looked upon as ( 
inferior merit. It was not until a generation later that tb 
Western calculus attracted much attention. Some of tb 
efforts at combining Eastern and Western mathematic.s at aboi 
this period are interesting, as witness an undated manuscrij; 
by one Wake Yukimasa, of which a page is here show 
(Fig. 74). 

There exists in the library of one of the authors a manuscrif 
translation from the Dutch of Jacob Idoryn (1751—1818 
entitled Shiny akuho Sankaku Jutsu (Newl}’' translated art c 
trigonometry). It was made in the Ansei period (1854 — i86c 
by Takahashtri Yoshiyasu, probably a member of the famil 
of well-known mathematicians. .It is p()ssil)ly from Floryn 

1 The Use of Japanese Mathemalics (in Japanese) in the Sui^aku Ifdch 

no. 88. 

2 Mr. K. Uyeno informs us that the Loomis book was brought to Japa 
before Li’s translation was made, hut that there was no one who knew bol 
English and mathematics well enough to read it. 
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GroHddeffin:;c(s dey Hoogcre Meetkunde which was published 
in Rotterdam in 1794. This translation seems not to be known. 

Of the conic sections some intimation of the subject may 
have reached Japan in the seventeenth century, but it evi- 
dently was taken, if at all, only as a hint. The Japanese 
studied the ellip.se very zealously, always by their own peculiar 

+ ^ ^ -h 

-ry© -t- ^ ©iULd" -t~ © "fy © 

JlL'-=+/g©^ 

+^@i-jJL=+ 

j£= 

4- Ji“ — ©1^ 

74* From a manuscript by Wake Yukismasa. 

method, but the parabola and hyperbola seem never to have 
attracted the attention of the old school. To be sure, the 
parabola enters into a problem about the path of a projectile 
in Yamada's Kaisanki of 1656, but it seems never to have 
been noticed by subsequent writers. The graphs of these 
curves are found in certain a.stronomical works, as in Yoshio’s 
Yensei Kansho Ziisetsu of 1823 where they are used in illustrat- 
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iiio' tlic orbits ot c<>nict.s, })ut tlic\" clt> not enter into tlu! 
on pure matlKuniitics. 1 his ver}* tuef is evulence agaiiis 
inlluencc from without affeelini: the uativa* tlu‘<»ries. 

We liave already sjH»k<‘u <»r the ehaiUH' ef the Ih.. 
Translation to the Institute for the Investi'^ation id’ luin 
Bt,)oks. Six \ears alter this ehan:.>- was uruie the K. 
School was founded (iSnj), in whitdi ever>“ art and 
was to lie tau‘^ht. A dt'partnient uf niatheniaties was iue' 
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fections will allow, this seems to be a fair estimate of the 
ancient wasan : — 

The Japanese, beginning in the seventeenth century, produc- 
ed a succession of worthy mathematicians. Since these men 
studied the general lines that interested European scholars of 
a generation earlier, and since there was some opportunity 
for knowing of these lines of Western interest, it seems reason- 
able to suppose that they had some hint of what was occu- 
pying the attention of investigators abroad. Since their me- 
thods of treatment of • every subject were peculiar to Japan, 
either her scholars did not value or, what is quite certain, 
did not know the detailed methods of the West. Since they 
decried the European learning in mathematics, it is probable 
that they made no effort to know in detail what was being 
done by the scholars of Holland and France, of England and 
Germany, of Italy and Switzerland. 

With such intimation as they may have had respecting the 
lines of research in the West, Japan developed a system of 
her own for the use of infinite series in the work of mensur- 
ation. She later developed an integral calculus that was 
sufficient for the purposes of measuring the circle, sphere, 
and ellipse. In the solution of higher numerical equations she 
improved upon the work of those Chinese scholars who had 
long anticipated Horner’s method in England. In the study 
of conics her scholars paid much attention to the ellipse but 
none to the parabola and hyperbola. 

But the mathematics of Japan was like her art, exquisite 
rather than grand. She never develpoed a great theory that 
in any way compares with the calculus as it existed when 
Cauchy, for example, had finished with it. When we think 
of Descartes’s La Geometrie\ of Desargues’s Brouillon proiecty 
of the work of Newton and Leibnitz on the calculus; of that 
of Euler on the imaginary, for example; of Lagrange and 
Gauss in relation to the theory of numbers; of Galois in the dis- 
covery of groups, — and so on through a long array of names, 
we do not find work of this kind being done in Japan, nor have 
we the slightest reason for thinking that we ought to find it. 
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